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GENERAL EDITOR’S FOREWORD 
by 

Arthur Porter, ph.d., m.i.e.e. 

Professor of Industrial Engineering, University of Toronto; 

Formerly Dean of Engineering , University of Saskatchewan , Canada; 
Professor of Light Electrical Engineering, 

Imperial College of Science and Technology, London 

This volume is one of a series of texts in electrical engineering, and 
related subjects, the main object of which is to present advances in these 
subjects on the one hand, and to re-evaluate basic principles, in the 
light of recent developments, on the other. The books will be of special 
interest to research, workers, postgraduates, and advanced under¬ 
graduates in electrical science and applied physics. 

The publication of such a series is regarded as timely because of the 
increasing realisation that the average three or four years’ engineering 
degree course is inadequate for the basic training of research engineers. 
To correct this situation there has been a notable increase, during the 
past few years, of postgraduate courses in all branches of engineering 
in the Universities and Colleges of Advanced Technology of the United 
Kingdom, the British Commonwealth, and the United States. Strong 
official support for these courses is being given by the Department of 
Scientific and Industrial Research, London, and their importance 
cannot be over-emphasised. But such specialised courses require suit¬ 
able texts and many of them are seriously handicapped in this respect. 
This is not surprising in view of the proliferation of science and tech¬ 
nology and the recognition that new languages—one of which is the 
language of high-speed digital computers—have been born within the 
last decade. It is essential, moreover, that the authors of texts at ad¬ 
vanced levels should be actively engaged in research work because only 
the active participant working at the frontiers of his subject is in a 
position to assess the importance of new concepts and of the mathe- 
§ matical and experimental techniques involved. I believe that this new 
series of electrical engineering texts will fulfil a real need and that it 
will be welcomed as a medium for re-evaluating fundamental engineer¬ 
ing principles in the light of recent advances with special emphasis on 
the needs of postgraduate students. 
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GENERAL EDITOR’S FOREWORD 


The present volume deals with the study of industrial operations and 
processes using large-scale data-processing and computer systems as 
simulators. It is perhaps the first book to be published on the subject. 
During recent years considerable advances have been made in the 
development of models of technological and sociological systems, 
especially those embodying information feedback, but a major difficulty 
has been the handling of the extensive computational work. Dr. Tocher 
has made notable contributions to both statistical mathematics, and to 
the art of simulation, especially in areas involving a deep understanding 
of probability theory. This book will be particularly welcomed by 
operational research workers and by research engineers interested in 
the optimisation of processes. The methods of operational research, 
especially those involving the application of digital computers in simu¬ 
lation roles, are proving of considerable value in the application of the 
scientific method to industrial and applied scientific problems. This book 
provides an authoritative introduction to these topics. 
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CHAPTER 1 


INTRODUCTION 

The subject-matter of this book stems from three origins and contains 
matters of interest to three groups of scientific workers. 

The first and most respectable origin lies in the theory of mathe¬ 
matical statistics. Before and for some time after the founding of the 
Royal Statistical Society in 1834, the subject of statistics consisted of 
the collection and display in numerical and graphical form of facts and 
figures from the fields of economics, actuarial science and allied des¬ 
criptive sciences. One of the most useful forms of display was the 
histogram or frequency chart and the transformation of statistics began 
when it was realised that the occurrence of such diagrams could be 
explained by invoking the theory of probability. 

The idea of a probability distribution had been established as a useful 
concept by mathematicians and has been studied by Laplace and Gauss, 
to name two of the most celebrated mathematicians interested. The idea 
that frequency charts could be explained as a practical consequence of 
the laws of probability applied to everyday matters seized the imagina¬ 
tion of the pioneers of mathematical statistics. Since a probability 
distribution is by its nature, in most instances, composed of an infinite 
number of items, and frequency charts by their nature are composed of 
a finite number of items, these latter had to be thought of as samples 
from an underlying theoretical probability distribution. The problem 
then raised itself at how to describe a probability distribution given 
only a sample from it. The mathematical difficulties of this seemed 
immense and such steps as were taken needed experimental verification 
to give the early workers confidence. Thus was born the sampling 
experiment. A close approximation to a probability distribution was 
created, samples were taken, combined and transformed in suitable 
ways and the resulting frequency chart of sampled values compared 
with the predictions of theory. 

Although mathematical techniques have developed to levels of 
sophistication that would astonish the early workers, the value of 
sampling experiments in mathematical statistics still remains. The 
advent of automatic digital computers to perform the laborious calcula- 
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tions necessary has revitalised this as a possible approach to the solution 
of problems still beyond the reach of analysis. 

The second origin lay in the demands of applied mathematicians for 
methods of solving problems involving partial differential equations. 
These equations constantly arise in the mathematical formulation of 
numerous physical processes. Analytical solutions were found for a 
wide range of formal problems but practical problems involving com¬ 
plex or irregular boundary conditions could not yield to theoretical 
attack. The corresponding situations had arisen in ordinary differential 
equations and had been overcome by developing numerical techniques 
for solving such equations. The nature of the problem for partial 
differential equations made an attack on these lines far more difficult. 

A typical problem was the solution of the so-called diffusion equation, 
which arises, as its name implies, in the diffusion of gases as well as in 
the conduction of heat in a medium and many other physical systems. 
The characteristic of many of these systems was that the actual mechan¬ 
ism for the movement of the gas (or heat) involved a large number of 
particles behaving in a partly regular and partly irregular manner. 
Averaging over the particles enabled the random element to be elimi¬ 
nated and a deterministic description to be given. 

Now the theory of probability had studied formal models closely 
allied to a system of particles moving in this partly regular, partly 
random manner and had developed mathematical techniques for deal¬ 
ing with these problems which were studied under the name of random 
walks. The mathematical analysis of these problems gave rise to partial 
differential equations of the same type as the diffusion problem. Thus 
was born the idea of solving experimentally the diffusion and allied 
equations by random walks. The idea lay dormant for many years and 
was resurrected by Von Neumann and Ulam under the stress of the 
technological demands of the Second World War. 

These men conceived of the extension of the principle to seek solu¬ 
tions to difficult mathematical problems arising from deterministic 
problems by finding analogous problems in probability leading in their 
analysis to formally identical mathematical equations and then solving 
the probability problems practically by sampling experiments. By this 
time, the ultimate stochastic nature of the physical phenomena often 
present in the original problem was often forgotten or completely 
ignored. 

One of the simplest and most powerful applications of this idea, which 
they christened ‘Monte Carlo’, was the evaluation of a multi-dimensional 
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integral. Consider the simplest case of evaluating the area of a bounded 
region. Surround the region with a square, scaling to make its side of 
unit length. Take a point in the area at random. The probability that 
this lies in the region of area A is simply A. Take a large number of 
points at random; the proportion of these lying in the area is an esti¬ 
mate of A. 

The whole idea can be generalised to higher dimensions and the 
result remains true. The great advantage of this method lies in the fact 
that for higher dimensions, conventional numerical techniques will 
require an enormous number of points to get any answer at all. The 
Monte Carlo method can get an answer with any number of points 
although of course the accuracy falls off as the number decreases. 

In fact, the accuracy is proportional to \Jn, n being the number of 
points. Conventional methods give an accuracy proportional to n X!d 
where d is the number of dimensions. 

The third origin lay in the new science of Operational Research. This 
set itself the tasks of applying scientific method in everyday life—to 
military problems during the last war and to problems of industry after 
it. In common with most sciences, it developed by building models of 
the systems it studied and using these models to give insight and some¬ 
times quantitative information about these systems. 

The outstanding difference between the subject-matter of conven¬ 
tional science and operational research lay in the greater variability of 
the phenomena studied. It was vital to bring regularity back into the 
description of these phenomena—to find a usable description of the 
variability. This was achieved, as had been done for economics and 
actuarial science in the previous century, by using probability theory. 

The models studied were primarily probabilistic and the theoretical 
difficulties of these models were immense. A special branch of prob¬ 
ability theory arose under the title of Queue Theory to deal with some 
of these problems, but the irregular nature of the boundary conditions 
and restrictions in the real problems could rarely be incorporated into 
the models that mathematical methods could solve. 

Once again the scientist turned to an experimental technique. Now 
the problem was phrased in a language description of the real world 
involving queues, stocks, machines and operating instructions. The 
subject of simulation, as it was called, took on an identity of its 
own. 

Yet this was nothing new. To a statistician the problem was nothing 
more than to find the sampling distribution of an intricately and irregu- 
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larly defined statistic and because of the intricate nature of the defini¬ 
tion, to do this by a sampling procedure. 

The common element in all these approaches to our subject is 
probability theory. In these circumstances, it is hardly necessary to 
stress that an understanding of at least the elements of the theory are 
essential to an understanding of the principles and practice of sampling. 

Any attempt to give a self-contained account of the theory necessary 
as part of the book would be self-defeating. It could be nothing more 
than a few formal definitions and readers ignorant of the subject might 
be tempted to read further with only such a brief introduction. There¬ 
fore it is assumed that the reader has the necessary grounding in ele¬ 
mentary probability theory. 

Likewise, the elements of the theory of statistics are assumed. The 
commonest distributions such as Normal, Student’s, % 2 , binomial, 
exponential, are all discussed without a long introduction and the 
% 2 -test of goodness of fit is not explained, as this must surely be well 
known to all scientific workers. 

Since the basic process involved is the drawing of samples from 
different distributions, this receives first study. The problem is reduced 
to drawing a sample from a uniform distribution (or drawing an integer 
from a range) ‘at random’. 

The methods of solving this problem by both machinery and mathe¬ 
matical methods are discussed. 

This is followed by an account of the problems in determining a 
frequency distribution by sampling. 

The possibility of using sampling methods as practical methods of 
acquiring knowledge rests on the possibility of taking really large samples 
to reduce the effect of the inherent variability. This in turn is possible 
only because of the existence of automatic digital computers. 

It is assumed that one of these powerful devices is available and this 
raises the problem of describing how to use these machines for sampling. 
Again, this book is not the place to attempt to give details of the prob¬ 
lems of instructing any particular machine to perform the required 
calculation. 

However, the idea of a flow diagram as a means of describing the 
calculating procedure in a form suitable for transcription into a 
machine code is explained and forms a powerful means of reducing the 
volume of description of computing procedures. 

Probability distributions are described by means of a set of para¬ 
meters and the central problem of sampling is to specify the value of 
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such parameters given a sample from the distribution. This is the prob¬ 
lem of estimation, which receives full treatment. An estimate must be as 
accurate as possible, and methods of sampling and estimation that 
increase the accuracy of the estimate without a corresponding increase 
in the volume of computing are described. 

We are then ready to tackle the problems of simulation. First simple 
queues are dealt with, gradually increasing in difficulty until a general 
case is dealt with. 

More complex systems are then treated and a general technique 
evolved for dealing with any system. 

Finally the question of the design of such large-scale experiments is 
considered. 




CHAPTER 2 


SAMPLING FROM A DISTRIBUTION 
2.1 Introduction 

We have seen in the preceding chapter that the basic problem for 
simulation consists in sampling from statistical distributions, and this 
chapter will describe a variety of methods of performing this basic 
operation. 

There are two main types of distributions from which samples are 
required: those in which the statistical variable takes a continuous 
range of values giving rise to a continuous probability density function, 
and those in which the statistical variable can take a discrete number of 
values. The normal distribution is typical of the first class and the 
binomial distribution (the number of successes in a fixed number of 
similar independent trials) is an example of the latter. 

However, for practical purposes, we must work with approximations 
to continuous variables and have to be satisfied with samples from a 
grouped distribution represented by a histogram. If the different groups 
are given names, then the problem reduces to selecting a name for the 
appropriate frequency and consequently there is no distinction in 
practice between the two types of distribution. 

Although it is possible to discuss the meaning of probability at great 
length, the earlier remarks indicate that our purposes are met by a 
frequency concept. Thus our problem is to devise a process of selection 
from the distribution so that the results of the repetition of this process 
will give rise to a frequency distribution of sampled values that matches 
the frequency distribution required in our simulation. It is possible for 
there to be quite intricate probability rules relating successive sample 
values, but the most important case that will be considered in detail 
first is where these samples are independent of one another in the sense 
that the probability distribution for any given item from the sample 
is independent of the preceding sample values. 

To effect the random selection, some source of randomness is 
required, and to give a general solution to the problem we want to use 
a common source for all types of distribution. The most appropriate 
source of such randomness is from random numbers. These may be 
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supplied either by tables, specially constructed by means of randomising 
machines, or by the use of mathematical devices to generate long 
sequences of numbers that have similar properties to random num¬ 
bers, the so-called pseudo-random numbers. These techniques will each 
be pursued in later chapters. 

We consider first the elementary methods of selecting from a fre¬ 
quency distribution and show in a series of steps how this can be 
improved and mechanised. 

2.2 The ‘Top Hat’ Method 7 

The obvious method to obtain a sample from a frequency distribu¬ 
tion has often been used in early historical examples of simulation. It 
consists of representing each of the possible values of the statistical 
variable by means of a set of discs. The number of discs given any 
particular value is proportional to the frequency with which it occurs 
in the frequency distribution. The total number of discs used is limited 
in an upward direction by the problems of the physical space occupied 
by the discs and in a lower direction by the accuracy with which the 
frequencies must be approximated. The collection of discs is well 
shuffled in a hat or other receptacle and a disc drawn at random. The 
values on successive discs after drawing (each being replaced after it 
has been read) constitute the sample. 

As an example, suppose we wish to draw a sample from a normal 
distribution with mean 18 units and standard deviation 4 units. The 
first step is to decide on the width of grouping that will be tolerable. 
This is settled by the application and we suppose a class width of 2 units 
is chosen, and the class boundaries are taken symmetrically about the 
mean. 

The next step is to determine the probability of this random variable 
falling in the intervals -1 to l, 1 to 3, 3 to 5, ..., 15 to 17, ... and 
these are obtained from a table of the normal distribution function. 
This is given in Table 1. 

If we decide to represent the frequencies to three decimal places, we 
will require 1,000 discs. The frequency of negative values is negligible. 
Thus we number 28 discs with the number 10 representing the class 
interval from 9-11, 2 with 6 representing the interval 5-7, etc. In 
practice, the rounding has to be adjusted to give the sum of the fre¬ 
quencies exactly 1,000 or a few discs rejected. From the table given one 
disc is rejected. 

This example raises a problem of dealing with the tails of distribu- 
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Table 1 

No. of discs 

Class 

Frequency 

0 total 1 , 000 ) 

-1 

0-0000 

0 

1 - 3 

0-0001 

0 

3 - 5 

0-0005 

1 

5 - 7 

0-0024 

2 

7 - 9 

0-0092 

9 

9-11 

0-0279 

28 

11-13 

0-0655 

65 

13-15 

0-1210 

121 

15-17 

0-1747 

175 

17-19 

0-1974 

197 

19-21 

0-1747 

175 

21-23 

0-1210 

121 

23-25 

0-0655 

65 

25-27 

0-0279 

28 

27-29 

00092 

9 

29-31 

0-0024 

2 

31-33 

0-0005 

1 

33-35 

0-0001 

0 

^35 

0-0000 

0 



999 

tions which are unbounded. 

In order to represent such distributions 

correctly, we need an infinite 

number of discs so that the extreme tails 

with their correspondingly extreme small 

probabilities can be repre- 

sented at all. This lays a practical limit on 

t the length of tail approxi- 


mated. 

However, this difficulty can be overcome in the following way. Let 
the top group of the distribution represent the frequency with which an 
item should lie beyond the last bounded group. If a disc representing 
this unbounded group is obtained, then a further sample is taken from 
a distribution that gives the proportion of the items having a given 
value conditional upon the item being in the upper tail. Thus to 
accommodate the possibility of sample values in the range greater than 
33 the following Table 2 of relative frequencies is constructed from 
more accurate tables of the normal integral. 

The primary labelling of discs is adjusted to allow for the extra 
unbounded class, and a secondary labelling made according to the 
second distribution. If the first sampling gives rise to an item belonging 
to the upper tail, another disc is selected at random and the second value 











SAMPLING FROM A DISTRIBUTION 


9 


Table 2 


Class 

Frequency 

Relative 

frequency 


33-35 

00000677 

0-8635 

864 

35-37 

0-0000097 

0-1237 

124 

37-39 

0-0000009 

00115 

11 

^39 

0-0000001 

00013 

1 


0-0000784 

1-0000 

1,000 


on that is used as a direct sampled value. The lower tail can be dealt 
with similarly. The tails of the conditional distributions can be sampled 
in the same way and there is no limit to the accuracy obtainable. 

There are two main objections to this elementary method of sampling. 
The first is the very practical one that the whole sampling process is 
rather laborious and the rate of sampling is limited by the rate that 
discs can be shuffled and selected. As we shall see, it is essential for 
large-scale simulations to mechanise the arithmetic processes involved, 
and this implies for their effective execution that the process of random 
selection should also be mechanised. 

The second and more serious objection is that in practice the 
shuffling process that can be applied to these discs is not adequate and 
many trials have been made which show that samples drawn in this way 
are not in fact random. To illustrate the point, the following experiment 
was performed. 


Number 

Table 3 

(* - X) 

1 

51 

1 

2 

46 

16 

3 

38 

144 

4 

57 

49 

5 

60 

100 

6 

50 

0 

7 

58 

64 

8 

41 

81 

9 

51 

1 

10 

48 

4 

— 

— 

— 


500 

460 
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A set of 1,000 discs labelled with numbers from 1 to 10 (100 of each) 
were prepared and sampled in the way proposed. The result of 500 
drawings is given in Table 3. 

Column 1 gives the actual frequency of occurrences of the different 
symbols. The expected number of occurrences of each class is 50. 
Applying a test gives y 2 = 9-2 which is significant at the 1 % level. 
It is clear that the samples of 4, 5, 7 drawn from this distribution were 
markedly higher than expectation, whilst samples of 3, 8 were below 
expectation. 

2.3 A Mechanised Version of the ‘Top Hat’ Method 

This can best be understood if we consider how the selection of the 
discs in the Top Hat’ method could be made reliably random. Suppos¬ 
ing in addition to the variate values inscribed in the discs, the discs are 
numbered serially. Our requirement is that on each drawing any one 
of the discs could be equally likely to be selected, and this implies that 
the serial number on the selected disc is equally likely to be any of those 
present. Thus the random selection can be made secure by ensuring the 
serial number of the disc drawing is a random number selected from a 
reputable source. The validity of the selection process now depends 
entirely on the validity of the source of random numbers used in the 
sampling process. 

This, of course, does not overcome the objection to the clumsy 
nature of the process, but gives the key to mechanised techniques for 
doing it. In effect, the collection of discs represent a function. This 
function has, as its independent variable, the serial number, and as its 
value, the variable inscribed on the disc. The whole apparatus of discs 
can be discarded and the process applied by using a table of values of 
random variables, each associated with a serial number. Since the serial 
numbers will be selected at random, there is no restraint on the arrange¬ 
ments of the values of the variable on the discs, and the simplest 
arrangement is to use the lowest serial numbers for the lowest variable 
value, the next serial numbers for the next lowest variable and so on, 
so that the variable values as a function of a serial number are mono¬ 
tonic. The discs, or items, can be thought of as being used to build up a 
histogram of discs as shown in Figure 1. 

In this figure, each cell has the serial number in the top left-hand 
corner and the variate value in its body. The variate values in any given 
column are thus constant. Thus, using this example, if our source of 
random numbers gives the random numbers 34, 18 and 41 respectively, 



SAMPLING FROM A DISTRIBUTION 11 

the three successive samples chosen from this distribution will be 
6, 4 and 7. 

The function defined in this manner is a rather flat one in that the 
variate values only occasionally change value with the serial number, 
and it is possible to compress the information considerably by listing 



Figure 1 

only the critical points in a table. These are the serial numbers of those 
items at which the variate value has changed. Thus the histogram can 
be turned into the following Table 4: 

Table 4 

Value 0123 4 5 6 7 8 91011 

First serial No. 1 2 5 9 14 22 32 39 44 47 49 50 

If the random number selected is 33, since this lies between the 
critical numbers 32 and 39, the value of the variate sample is taken as 6. 
This compression of the tabular function is available even for hand 
simulations, but is of greater importance if it is intended to use a digital 
computer for the selection process as it saves a considerable amount of 
storage space. 
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This tabular function has an interesting probabilistic intepretation. 
The distribution of a variable can be described by a density function in 
the continuous case or by a set of frequencies in the discrete case, but 
both cases (and other more complicated ones) can be described by 
means of the cumulative distribution function which specifies the 
probability of obtaining the given value or less from a sampling distri¬ 
bution. The tabular function introduced above is the inverse of this, 
and this is illustrated in Figures 2(a), 2(b) and 2(c). 

Figure 2(a) gives a typical density function, 2(b) gives its cumulative 
distribution function and 2(c) its inverse. The table look-up technique 
introduced before consists of choosing a point on the independent axis 
of the inverse cumulative distribution and choosing the corresponding 
dependent value as the sample value. It is very easy to see that this 
process will reproduce the required distribution as follows: 

Let /• be the random number in the range 0-999 say. Then the distri¬ 
bution of u = is approximately uniform over interval 0-1. 

u SO 
0 ^ u g 1 
u ^ 1 

where p(u) and P{u) are the probability density function, and cumulative 
distribution function respectively of u. 

If v is to have a p.d.f. f(x) with c.d.f. F(x) then let the inverse of 
Fbe <I> 

y = F(x) x = oo) 

Put x = 0 (m) 

Then 

Prob(.v gl)= Prob(/ r (.\-) £ F(X )) = Prob(« g F(X)) = F(X) 

Thus the c.d.f. of y is F(.x) as required. 

Viewed in this light, it is seen that the problem of sampling from any 
distribution is that of transforming a random number representing the 
uniform random variable in the range of 0-1 by means of the inverse 
cumulative distribution function. The techniques considered so far 
define this function by means of a table, but there are other methods 
available for the representation of a function, and many of these can be 
applied in this case. The appropriate methods consist of: 


(0 0 

Then p(u) = 1 p( u ) = u 

lo 1 
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(i) Analytic inversion of the cumulative distribution function and 
the calculation of the value of this function for the value of a 
selected uniform random variable. 

(ii) Numerical inverse interpolation in the distribution function 
determined analytically. 

(iii) A process of numerical inverse interpolation in a numerical 
approximation to the cumulative distribution function. 

(iv) The numerical approximation to the inverse cumulative distribu¬ 
tion function itself. 

Each of these methods has its merits in various circumstances, and 
we will consider them in turn. 

(i) Analytic Inversion. 

The probability density functions of theoretically derived distribu¬ 
tions are often complex in form and the possibility of analytic inversion 
of their integrals is usually difficult. However, there are some simple 
but quite important cases in which this is possible. For example, a 
commonly arising distribution is the negative exponential, which has 
p.d.f. of the form 

p(x) = <T X 

and c.d.f. 

P(x) = \-e' x 


The inverse of this is simply 

-lOged-P) 


Since the distribution of 1 —P is the uniform over 0-1, if the distribu¬ 
tion of P is uniform over 0-1 we have the simple rule: 

To find an exponentially distributed variable to take the negative 
of the logarithm of a uniform random variable. 

The convolution of the two uniform variables gives a triangular 
distribution defined by 


p(x) = 


0 

x 

2 — x 
0 


P(x) 


ix 2 

2x — \x 2 — \ 
1 


x < 0 
0 ^ x ^ 1 
1 ^x^2 
x > 2 
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P(x) is a function which can he inverted by the following rule: 
P g i X = s/2 P 

\P g 1 x = X-s/W^T) 
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However, as the convolution is merely the distribution of the sum of 
two random variables, in this case it may be more economic merely to 
sample two uniform random variables and add them. 

A third distribution which can be treated in this way is the Cauchy 
distribution with probability density function: 


This gives the c.d.f. as 



1 


P(x) = i+ 1 tan' 1 

71 


X 


and thus the inverse is given by 

x — 7i tan (P-'i) 


(ii) Numerical inverse interpolation in the analytic function. 

There are cases in which it is possible to integrate the probability 
density function and represent the c.d.f. analytically, but the inversion 
is not possible analytically. In this case it is possible to proceed by 
generating the analytic function for a range of x in the neighbourhood 
of the required value and then using the random number selected as an 
interpolate for the required value. This is a tedious process for hand 
techniques, and it would only be considered on digital computers. In 
practice, the number of c.d.f.s that can be calculated by direct substitu¬ 
tion in an analytic formula are rather small, and this method is usually 
replaced by 

(iii) Numerical inverse interpolation in a numerical approximation to 
the c.d.f. In this case, an approximation to the c.d.f. is found by an 
algebraic formula, values are generated and interpolated. However, 
most effective numerical approximations to the c.d.f.s are quite arbitrary 
and empirical and under these circumstances it seems advisable to work 
directly with an approximation to the inverse of the c.d.f. and so avoid 
the necessity for the inverse interpolation. This is method (iv) which will 
be considered in some detail. 
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(iv) Approximation to Inverse c.d.f 
The general shape of the function required is given in Figure 2(c) 
and this has the properties that 

F -> oo as v -» 0 , F(x) ->• +oo as x -> 1 

(where x is now written for the independent variable P) and so the 
function is likely to satisfy a differential equation of the form 

F(x) = ~ + A- + <l>(x) 
x 1 —X 

where 4>(x) is a regular function (i.e. has no singularities) and a and b 
are constants or bounded functions for x in the range [0, 1]. Taking 
a and b as constants gives 

F(x) — a log x + b log (1 — x) + T'(x) 

where ¥ is another regular function. 

In practice it is found that this form is not very satisfactory and 
certain arbitrary adjustments have to be made to it to give better fit 
to a wider class of functions. The form finally found to be most useful is 

F(x) = a + bx-t- cx 2 -F a(l — x) 2 log x + fix 2 log (1 — x) (1) 

This satisfies the requirements set out before and uses a simple poly¬ 
nomial for T'(x) and replaces the constants a and b by functions to give 
better fit in the tails. In practice this formula is difficult to use because 
of the logarithmic function. If it is being used in manual calculations, 
then tables of logarithms can be used, but the merits of this method lie 
in the possibility of its automation and in this case, the calculation of 
the logarithm is a comparatively slow process and thus an approxima¬ 
tion to the logarithm is necessary. It is clear that the base of the loga¬ 
rithm is immaterial, as this merely alters the constants a and p by a con¬ 
version factor, so we use the base 2 and use the crude approximation 

log 2 x ^ log 2 X.2~ d ^ -d+{\-X) 

where 

x — X.2~ d , ^X<1 

The advantage of this method is that we may now treat all distributions 
in the same way whether they be analytically derived or arising from 
practical data. In both cases, a method of determining the constants 
a, b , c, a and P is required which we shall consider later. 
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As an example of this method, it has been found that for a normal 
distribution with mean /( and standard deviation a the following 
formula gives an adequate approximation. 

a = (16384/i—13452-960(7) x 2~ 11 
b = (26953-865(7) x 2“ 11 
c — 0 

a = (-3772-7690-) x2~ 11 
P = (3772-769(7) x 2“ 11 

The difference between the true and approximate cumulative distribu¬ 
tions is shown in Figure 3. 
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It will be seen that the approximate function has a discontinuous 
derivative which is caused by the approximation to the logarithm that 
is used. The approximation using an exact logarithm is also plotted, 
which shows that the error introduced by the logarithmic approxima¬ 
tion is less than the error of the main approximation, and that the 
maximum total error is very small. 

The approximation works successfully in the case of unimodal 
distributions, but is not successful for J-shaped distributions or multi¬ 
modal distributions. 



Figure 4 

In the case of J-shaped distributions, a simple artifice will enable the 
technique to be used. Assume the distribution has an origin at zero and 
can be represented by the heavy line in Figure 4. 

We reflect this distribution in the y axis (dotted line) and rescale to 
give the chain-dotted distribution. This is a symmetric unimodal 
distribution and the transformation may be used. By taking the absolute 
value of a sample from this distribution a sample from the original 
distribution is obtained. 

If the distribution is multimodal, it can be represented as a mixture 
of several distributions each unimodal, and expressed by a suitable 
approximation: 

F(x) = X pj t (x) 

i 

The interpretation of this is that the observation has come with prob¬ 
ability pi from a distribution with p.d.f./)(*)■ Techniques for the deter¬ 
mination of the component distributions have been developed, using the 


it 





ssss 


m 
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method of moments, and more recently, techniques using the method 
of maximum likelihood to estimate the parameters of the system using a 
digital computer have been used. 

A random variable is used to select which distribution shall be 
sampled. The distribution chosen is then sampled and the resulting 
variable will be a proper selection from the multimodal distribution. 

Thus to represent the distribution 

F(x) = £ Pi l V( ft , a,) (£p, = 1) 

i = 1 

two uniform random variables R v , R 2 are chosen. A random normal 
deviate X(N( 0, 1)) is selected using the variate R { and the approxima¬ 
tion described earlier. 

The variate R 2 is used to select the population sampled. 

If R 2 < pi \ I x = Hi • i rXa i 

If p l ^ R 2 < pi + p 2 ) take < x — p 2 + Xa 2 
If Rz^Pi+Pi) [x = h 3 + X<t 3 

The technique used for obtaining the coefficients a , b , c, a, p of equa¬ 
tion (1) should be a general one which is equally applicable if the 
distribution in question is given theoretically or empirically. We shall 
deal first with the case of an empirical distribution. From the data it is 
possible to construct a table giving for the various cumulative frequen¬ 
cies the corresponding variate value. We require to pass the curve of‘best 
fit’ through this series of points and a possible method to use is the 
method of least squares. There is no theoretical justification for this pro¬ 
cess as the observations to which this method is applied are not in¬ 
dependent and do not have a homogeneous variance. Nevertheless, it is 
found that in practice this method gives adequate values for the 
coefficients a , b, c , a, /J. It is always advisable to verify the validity of the 
fitted function by calculating the function for a series of values of x and 
deriving an approximation to the p.d.f. by inverse interpolation and 
numerical interpolation or by graphical means. 

There are many applications in which the exact nature of the distri¬ 
bution is not known, because it is derived from empirical data and in 
this case it is only necessary to check the robustness of the answers 
from the sampling experiments performed against changes in the basic 
distributions used. If an automatic computer is used to do the sampling 
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processes, this is a possibility, but otherwise it would be prohibitively 
heavy in labour. 

For a theoretical distribution the percentiles are obtained and a 
similar fit by least squares is used on this as if it were data from an 
empirical distribution. 

It is at this point that the distinction between discrete and con¬ 
tinuous distributions is brought to the fore again. For a discrete 
distribution, the jumps in the distribution function are real and we 
require our function to pass through the saltuses. The values taken are 
then rounded down. For a continuous distribution, these jumps have 
been introduced artificially by the grouping process, and it is best for 
the function to pass through the mid-points of the saltuses. In the case 
of a theoretical distribution where the P-axis increments can be arranged 
constant, we need only fit to the left-hand end points and then adjust 
the constant a in the formula by half the percentile interval used. 

If it is required to determine the mean and variance of the fitted 
distribution, these can be found from the coefficients a, 6, c, a, fi. If the 
mean and variance are p and a 2 respectively then 



xp(x) dx = 


x dP(x) 
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Similarly we can obtain o 2 as a quadratic function of the parameters 
b , c , a, /?. The parameter a which controls the location does not appear, 
of course. 

a 2 = [ b , c 9 a, c, a, p]' 

where 


Q = 


' + 0-083333 
+ 0-083333 
-0-312104 
+ 0-312104 


+ 0-083333 
+ 0-088888 
-0-365733 
+ 0-258474 


-0-312104 
-0-365733 
+ 1-973261 
+ 0 


+ 0-312104" 
+ 0-258474 
+ 0 

+ 1-973261 


For a symmetrical distribution, with mode m, we must have for 
each x 

x = F(P) 
m-x - F(l —P) 
i.e. F(P) + F(l-P) = m 

2a + b + c)- 2cP +2cP 2 + (a + ^){(1 - P) 2 log P+P 2 log (1 —P)} = m 


From this the necessary conditions for symmetry are 

*= -fi 

c = 0 


when the mode is given by 

m = 2 a + b 


The median is given by 

x — FQ) = a + \b + \c + (a + log \ 

= a + ^b-\-ic-i(oc+fi) 

This confirms that the mean and median only coincide for symmetric 
distributions. However, it may happen that a better fit is obtained by 
relaxing the condition of symmetry. This occurs, for example, with the 
approximation quoted for the normal distribution. 

If a quantile measure of dispersion is used the semi inter-quantile 
range R can be easily calculated 


* = m-m 

= i (b + c)+^(P + ot)(9 logi-logf) 
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An alternative fitting procedure uses the method of minimum # 2 . 
For any choice of parameters a, b , c, oc, /?, the probabilities P t falling in 
a range can be obtained by inverse interpolation and the actual fre¬ 
quencies (in case of an empirical distribution) or the theoretical prob¬ 
ability (in case of a theoretical distribution) compared by compiling 
a y 2 statistic. The parameters can now be estimated to minimise this 
quantity. 

This procedure involves the solution of non-linear equations and can 
only be achieved by an iterative process. A method is that of steepest 
descent. 

This method involves an arbitrary element in the classes used to 
sub-divide the range and different answers are obtained from different 
divisions. However, all possible solutions will approximately reproduce 
the distribution. 

The arbitrary nature of these techniques is merely a reflection of the 
arbitrary nature of the fitting problem. With a limited number of 
parameters the fit can only be improved at one region of the distribution 
at the expense of another region. 

A very simple approach is to specify 5 quantiles of the distribution. 
Suppose the quantiles Q l5 Q 2 , ...,25 are to at *i> * 2 » • 

Then the equations 

x t = a+ bQ, + cQf + aQfL(l-Q l )+m-Q,) 2 L(Q,) L = 1 , 2 ,..., 5 

are linear in a , b , c , a, ft and on solving these a fit is obtained which 
gives the desired values in the neighbourhood of x l9 x 2 , ..., x 5 . 

For a symmetric distribution, the necessary restraint must reduce 
the independent qualities that can be fitted to 3. The good fit for the 
normal distribution implies that for markedly non-normal symmetric 
distributions the fit cannot be so good. This can be remedied by 
replacing the polynomial terms by a higher order polynomial and at 
the expense of more calculation during sampling any accuracy can be 
attained. 

The logarithmic terms could be dispensed with but their inclusion 
greatly reduces the order of polynomial required. 

2.4 The Method of Mixtures 

The technique used to sample from a multimodal distribution can 
often give fast sampling techniques for unimodal distributions. It is 
particularly useful if very accurate sampling is required. 
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The distribution is represented as the mixture of a set of rectangular 
distributions and a residual. This is best explained by reference to 
Figure 5. 

Figure 5(a) gives the distribution to be sampled, partitioned into 3 
distributions. Figure 5(b) is a rough histogram which includes about 







Figure 5 


(a) 


(b) 


(c) 


(d) 


90% of the density. The set of triangular distributions of Figure 5(c) 
account for all but about 0-2% of the remaining density. This latter 
has the distribution of Figure 5(d). 

If the probability area under these functions are a random 

number is used to select the distribution to sample. 

If component (a) is selected, a second random number is used to 
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select a rectangular component and then a third random number is 
scaled and its origin adjusted to give the required value. 

If component ( b ) is selected, a triangle is selected with a second 
random number and a third random number is converted into the 
required value by a square root transformation. 

If component (c) is selected, a more complicated procedure will be 
necessary, but this will rarely occur and the average time taking a 
sample is quite small. 

For theoretical distributions, the class boundaries of the histogram 
can often be chosen, so that they or the class areas are easy to calculate 
and need not be stored. Otherwise, the method can be quite costly in 
storage space. 

2.5 The Rejection Procedure 

It is often possible to calculate the p.d.f. of a variable fairly easily, 
but difficult to evaluate its integral or the inverse. A technique called 
the rejection technique has been developed to deal with this situation. 

Consider a bounded p.d.f., i.e. one for which there exist values 
a, b, M such that 

x < a 

a ^ x ^ b 0 ^ f{x) ^ M 
b> 0 

fix) 

calculate y = *-T-; the probability that a 
M 

uniform random variable R will not exceed y is precisely y. If the value 
x is chosen at random on the range [ a , b] and then rejected if R> y, 
the p.d.f. of accepted x’s will be fix). 

This follows since the probability of a given pair x, R giving an 
accepted value * is y dx and the probability of being accepted for 
any x is 

' b i C b 1 

y dx — — f(x) dx — — since f(x) is a p.d.f. 

J„ M J„ M 

Thus the conditional p.d.f. of an accepted pair having a fixed x-value 
is My = fix). 

The number of trials before a successful pair is found is a random 
variable and has a distribution 

p{n) = £(1 —E ) n ~ 1 where E — — 

M 


r 

p(x)= /(*) 

For any x in range [a, b] 
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This has a mean value 


I 

n= 1 


J f 00 

Ey-' = - E ~\i a 

dE ln= 1 


= -£ 


d /l-£ 


dE 


E) n 

= 1 
E 


The technique will not work without modification if the distribution 
required is unbounded. 

The modification consists of using an unbounded random variable 
to make the primary selection, this being obtained by a transformation 
of a uniform variable as previously described. 

The rejection criterion can also be generalised and the complete 
procedure is as follows: 


Put 


p(x) = kQ(x)r(x) 


where r(x) is a p.d.f,, Q(x) is c.d.f. and k is a normalising constant. 
Select x from the p.d.f. r(x) and y from the c.d.f. Q(y). Accept the pair 
if x < y and use x as the required variable. 

The probability of choosing the x is r(x) dx and of accepting it is 

gw. 

The probability that the pair is acceptable is 
j* Q(x)P(x) d.x = ^ 

so the conditional probability of an accepted pair having a fixed 
X"value is kQ(x)P(x) dx as required. 

It is often possible to effect the test y ^ x without calculating Q(x). 
If /(£) is any increasing monotonic function with an inverse (j> the 
test y < x is entirely equivalent to f(y) </(x). The c.d.f. of z = f(y) 
is given by Q((p(z)) = T(z), say. 

If/and hence (j> is chosen properly, the function T(z) may be simple 
and the procedure becomes: 

Select x from R(x) and z from T(z ) and accept the value x if and only 
if z < /(x). 

P(x) 1 
r(x) k 


Since 


GW 


r(x) 


A.S.— 2 




By an argument similar to that for the simple case, the mean sample 
size is k and so to economise on sampling, r(x) should be chosen so that 

max is minimised. 

- Kjc) 

In practice this means choosing r(x) to be similar in shape to p(x). 
This is in accord with the dictates of common sense since then the 
amount of rejection to convert the primary selection probability for 
x from r(x) to p(x) will be small. 

A similar technique can be used writing 

p(x) = k[l-Q(x)]r(x) 

and only accept a pair if y > x. The argument and extension are exactly 
similar to the preceding case. 

To illustrate the technique, consider the normal distribution. Start 
with the distribution of the absolute value z of a normal variate of zero 
mean and unit standard deviation. This can be converted to a normal 
variable by assigning a sign at random. 

p(z) - - e~' kz2 0 ^ z < oo 

V 71 

= fee- Uz ~ 1 ) 2 e- z 

V 7t 

Now the p.d.f. of a negative exponential distribution is r(.v) = e~ x 
and its c.d.f. is Q(x) = 1 -e~ x . Then we may write 

p(z)=l~{l-Q(y)}r(z) 

V 71 

where y — \{z— l) 2 . 

Thus if y and z are selected from a negative exponential distribution 
and the pair only accepted if y ^ i(z— l) 2 , z will have a normal 
distribution if a random sign is allotted. 

This technique is most useful in dealing with empirical distributions 
that can be roughly described by a standard easily derived distribu¬ 
tion and need ‘correction’ by a rejection process. The details of this 
application depend on the computing sources available and will not 
be discussed further. 
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The rejection technique can be amalgamated with the composition 
technique and the required p.d.f. represented as 

p(x) = Tcc iPi (x) = I CLiQidrfa) 

where the Q^x) are c.d.f.s, r t (x) are p.d.f.s and a,- are constants scaled 
to ensure that J p(x) dx = 1. 

Select a value of i with probability oq/Zoq and then sample from Pi (x) 
by the rejection technique. 

The mixed scheme has been used by Batchelor to give a very fast 
procedure for the normal distribution. As in the previous example the 
modulus is first found and then a sign allotted at random. 

Write: 

ji *-** =k*h * e-**-* Kx)i 

when 

1 Ogxgl [0 , Ogxgl 

s(x) = ( 

0 x > 1 { 2e~ 2(x ~ 1) , X > 1 

i.e. r(x) is the p.d.f. of a uniform random variable and s(x) is that of a 
variable formed by adding 1 to an exponential variate of mean 
Sample from r(x) with probability J and from s(x) with probability i, 
i.e. select a random number u and 

(a) sample from r(x) if w-f < 0 

(b) sample from s(x) if u-j- > 0 

In the former case u has a uniform distribution in [0, J] and in the 
latter case w-f has a uniform distribution in [f, 1]. 

In case (a) take x = f u,z — }x 2 . 

In case (b) take x = 1 log (3u-2), z = i(x-2) 2 . 

Select an exponential variate y (mean 1) and accept * if y > z . 

2.6 Bivariate Sampling 

We must now turn to the problems of sampling from bivariate 
distributions. This is considerably more difficult and only an outline 
of the procedures that can be used are given. 

The i To P Hat ’ Technique is of course available, in which the two 
variates in question are written on each disc. The mechanical extension 
to a two-dimensional tabular array can also be used. The difficulty here 
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is that the number of classes is likely to be large for any finely divided 
distribution and the number of discs or cells required becomes enormous. 

The Conditional Probability Technique. This utilises the fact that we 
may write 

p(x, y) = p(x)p(y\x) 

where p(x) is the marginal distribution of x and p(y\x) is the con¬ 
ditional distribution of y, given that the other variate has the value x. 
We use one of the preceding techniques to sample the value of x and 
then use this value to select which distribution the second variate y shall 
be selected from. This is really only of value when the conditional 
probability distribution is of the same form for all values of x and the 
sampling may be done from a single distribution and a scale factor and 
shift of origin applied. Otherwise a separate distribution for each 
x value requires approximation and the amount of storage required 
becomes prohibitive. 

The special case of the normal distribution is the most important 
application. Suppose x 1? x 2 is a sample from a bivariate normal 
distribution with means p u p 2 > standard deviations a u a 2 and correla¬ 
tion p. Then the conditional distribution of x 2 given x t is normal with 

mean p 2 + P x 1 an d standard deviation V1 - p 2 o 2 . 

Thus the sample procedure consists of taking two random variates 
yi and y 2 , say, from the normal distribution with mean zero and 
standard deviation 1, and forming 

x 2 = p 2 + px 1 +\/l-p 2 a 2 y 2 

2.7 Multivariate Sampling 

The difficulties of multivariate sampling are similar to those of 
bivariate sampling with the difficulties increased many-fold. The 
principal difficulty in empirical studies will be to obtain an adequate 
quantity of data to represent the multivariate distribution adequately. 
The ‘Top Hat’ technique or its mechanical version can be used as 
before, but the number of discs or cells will rise astronomically. 

In theory, the conditional probability technique is still applicable 
by writing the multivariate distribution 

p(x u x 29 x 3 , x 4 , .. ., x n ) = /K*iM*2|*iM*3|*i*2) ... 

p(x n |Xi, X 2 , ...,X n _i) 
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but it is very rare that it is possible to describe in adequately compact 
form the various conditional distributions involved. 

In the case of a multivariate normal distribution, an alternative 
method is available. In this case, for zero means the distribution is 
completely described by its variance matrix, a matrix whose elements 
describe the variances and co-variances of the different variates. We 
may then proceed as follows: 

If the variance matrix is Q, this is known to be positive definite and 
there exists a non-singular triangular matrix T such that 

(r 1 = r r 

where T' is the transpose of T 

Hence xQ~ l x' = (*r)(TV)' 

and thus the variables y — T'jc are independent normally distributed 
with unit variances. 

Thus the required variate may be obtained from the relation 


x = 

This may be applied to the two-dimensional case: 

af, i<* 2 ] 


Q 


Hence 


P<* 1*2 


I<T2 fr 1 = 1 pi. -pa 1^1 

> al] (o' 1 <t 2 ) 2 (1 -p 2 )\_-pa l <T 2 , erfJ 

r -i = [aj\-p 2 , on 

\_pa u a 2 J 


r = _ 1 f a 2 , - pa 1 “I 

<ri<r 2 Vl-p 2 L 0 > a l sjl-p 2 \ 

Xj = a i (sll-p 2 y l +py 1 ) 


x 2 = a 2 y 2 

which is substantially equivalent to the formula of the preceding 
section. 


2.8 Sampling under Dependence 

The foregoing sections have discussed the drawing of independent 
samples from various distributions. In some processes, however, the 
distribution from which a sample is drawn depends on the preceding 
samples. This can be regarded as a special case of drawing from a 
multi-variate distribution with the difficulty that, in general, the 
dimensionality of the distributions increases as the sample is gathered. 
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This complicated situation is one in which the practical difficulties of 
gathering sufficient information to describe this sequence of distribution 
functions often makes its simulation impossible. However, in certain 
theoretical studies, it is often assumed that certain simple forms of the 
dependence of one distribution on the preceding values hold. The most 
useful case concerned is the Markov process, where the sequence of 
values x 0 , x u x 2 , x 3 , ... are generated by the following rule: 

x r+l = ax r + s r+1 r= 1,2,3,... (A) 

where the e r are independent sample values from some given distribu¬ 
tion. In this case, and its multivariate extension where 

m 

*r+l- Z «.*.•-» = «r+l ( B ) 

s = 0 

can be dealt with by successively sampling from the distribution s r and 
substituting in the equations (A) or (B). 

If this model is thought to be adequate to describe the dependence 
of any empirical data, the coefficients a s of equation (B) can be esti¬ 
mated by an extension of the methods of least squares. This technique 
is often used to describe the variation of the economic variables. 








CHAPTER 3 


MORE SAMPLING METHODS 


The methods outlined in the last chapter have been of general 
application, and quite independent of the distribution in question. 
However, it is possible to use alternative methods for some theoretical 
distributions and these are discussed briefly below. 


3.1 Normal Distribution 


A good approximation to a normal random deviate can be obtained 
by the use of the central limit theorem. This states that the mean of n 
random variables each from the same distribution will, in the limit as 
n tends to infinity, have a normal distribution. The standard deviation 

will be proportional to -!=. Thus if n uniform variates (random numbers 
V n 

treated as fractions) are added together, the resulting variate has an 
approximate normal distribution with mean in and standard deviation 
■yJn/12. In practice, reasonable approximations can be found with 
values of n as low as 10. 

Since it is possible to find theoretically the convolution of two 
uniform variates, the number of items to be added may be halved by 
sampling from that convolution. This has a triangular distribution 
with a distribution function given by 


P(x) = 


(2x 2 
[l-2x 2 


x ^ i 
x ^ i 


and thus, if the random number is P, the required transformation used 
to pick a variable from the triangular distribution is 

p s i * = Vf p a i * = Aa -p) 

The relative merit of these two alternative methods of generating a 
normal variate depends upon the difficulty of picking a random 
number and that of taking the square root. Thus, if this is being per¬ 
formed on an automatic digital computer, the simpler process picking 
more random numbers will usually be quicker. 
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Teichroew has extended this technique by considering polynomial 
functions in a random variable 9 

y= £ «.- 0r 

r= 1 
m 

6 = Y (, 

i = 1 

being uniformly distributed. He considers the number of terms to be 
used in forming 0 and the optimum values of the coefficients a,, and has 
developed some powerful formulae for the efficient sampling of the 
normal distribution. 

For example, if the normal distribution is truncated with a tail 
probability of 10" 5 an adequate fit is given by m = 8, n = 13 and 
a 2r = 0. The values of a 2r+l are given in the following table 

i a t 

1 4-1082897 

3 0-1491695 

5 0-0214077 

7 0-0041338 

9 0-0008779 

11 0-0001639 

13 0-0000043 


An interesting approximation for the distribution is given by Kahn. 
This derives from the approximation 

e-** 1 ~ 2 e ~— , x> 0 , k= / 8 

(l + e~ kx ) 2 V« 


It is not clear how this remarkable approximation was discovered, 
but it does give an adequate representation. 

The c.d.f. corresponding to this p.d.f. is 


P 2 ke~ k * 

' 1 dy _ 

" 2 

r _ 2 

JoCl + e '**) 2 J 

„ ( 7 + y? ~ 

J+y_ 

i l + e~ kx 


Thus the inverse c.d.f. is 



A random sign is attached to this variable where y is a uniform random 
variable in [0, 1]. 
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Another approximation is given by Hastings. Put 
n = { — 2 log (1 — y)}* 

Then a standardised normal deviate is approximately 

x = n -_ 

b 0 + b 1 t] + b 2 r ] 2 

where 

a 0 = 2-30753 b 0 = 1-00000 

a 1 = 0-27061 b 1 = 0*99229 

b 2 = 0-04481 

This applies if y ^ 0-5. If y < 0-5, replace y by 1 —y and change 
the sign of x 

A powerful method recently developed by Box and Muller generates 
pairs of normal deviates. 

The joint distribution of two independent standardised normal 
deviates x u x 2 is 

p(x 1, X 2 ) = i 
2n 

Consider the transformation 


= r cos 0 
x 2 — r sin 0 

The general distribution of r, 6 is 

p(r, 0) dr dd = -1 e~' 2 r dr dO 
2n 

= e~' 2 d{\r 2 ) x 1 dd 
2n 

Thus r 2 and 6 are independently distributed: 0 has a uniform distribu¬ 
tion in (0, 2n) and r 2 has an exponential distribution. 

Given two uniform random variables U u U 2 

R = V-log e b\ 

0 = 2nV 2 

A.S.— 2* 


a jnj_i ari wr oiiviULniiWiN 


J- 4 - 

are distributed as r and 0 and hence 


X = 



— cos 2kU 2 
U t 



— sin 27i t/ 2 


are exact independent normal deviates. 

The value of this method depends on the facilities and speed of calcu¬ 
lating logarithms and the trigonometric functions. 

The usual trigonometric function routines usually work faster for 
small angles and a single deviate can be obtained by assigning a random 
sign to 


X' 


L 1 . n TJ 

log* —Sin -U 2 
U j z 


3.2 The x 2 ° r Gamma Distribution 

The samples from this distribution may be obtained by using the 
fact that x 2 on n degrees of freedom is the convolution of n variables 
distributed as y 1 on one degree of freedom, which is in turn merely the 
square of a normal random deviate. Thus, to pick a sample value from 
X 2 on r degrees of freedom, r random normal deviates are selected, 
squared and summed. 

It is often necessary to sample from x 2 on n degrees of freedom 
where n is not fixed on successive occasions, but is determined either 
by a random process or by other considerations. In this case, the method 
outlined above is still available, but can be shortened if the lower 
bound to the value of n to appear is known. Suppose this is ?i 0 then 
we may take a sample from x 2 on n o degrees of freedom using the 
transformation method and pick m = n — n 0 normal deviates x,x 2i 
..., x m and form 

m 

Xh = w+ E x > 

i — 1 

Naturally n 0 must be a lower bound, because if otherwise, m will be 
negative. It is not possible to obtain the required distribution by sub¬ 
tracting the squares of random normal deviates since 

Xn-xl^xl-m m < n 











MORE SAMPLING METHODS 35 

This is easily seen, since the only quadratic forms of normal variates 
that have x distribution have matrices with idempotent eigenvalues. 

A quicker method hinges on the fact that an exponential distribution 
is x 2 on 2 degrees of freedom. 

Thus for even degrees of freedom (n = 2 p) we take 

tl =Et/| 

i= 1 

where the U t are exponentially distributed. 

For odd degrees of freedom n = 2p + 1 we take 

Xl=t U; + Z 2 

i = l 

where Z is normally distributed. 


3.3 Exponential Distribution 

It has already been mentioned that this distribution may be found 
merely by taking a scaled value of the logarithm of a random number. 

Von Neumann has suggested a rejection technique for selecting from 
an exponential distribution. 

Choose two random numbers R 0 , 


If R t 
If R 2 


^ R 0 score 1 and choose 
^ R t score 1 „ 


a new random number R 2 . 
>’ >> >5 »> R$. 


Continue in this way until the test R, g R i _ l fails. 

The joint distribution of the score / and'the variable R 0 is obtained 
as follows. 

If exactly i tests are made R 0 k ^ R 2 ... ^ R, < R i+1 and the 
probability of this can be evaluated as 


*o_ ^ +1 
il (/+!)! 


The probability of / = / is_-_ 1 

(/+!)! (/ + 2)l 

For given R 0 the probability of i even is 


R, 


+ | Ro_Rl 

2! 3! 


nr 

= i 


-R 0 




i fi u na i wi ox ivi w 


jD 

The conditional probability of R 0 for / even is 

0-Ro 

- -= (l-e- 1 )- 1 ^ So 

e~ R dR 

J 0 

Thus if the sequence of tests is repeated until failure occurs on an 
even i the initial random number has been selected from the truncated 
distribution (1— e -1 ) -1 e~ x . 

The number of sequences n tried before success has a distribution 

The variables n and R are independently distributed so the p.d.f. of 
a: = n + R is given by e~ x . 


3.4 The Poisson Distribution 

If the intervals between events are exponentially distributed, it is 
well known that the number of events in a fixed period of time has the 
Poisson distribution, and this fact may be used to generate such a 
distribution. The Poisson distribution, of course, is a frequently 
occurring example of a discrete distribution and is given by 

P(x = n) = — e~ K n = 0,1, 2, ... 
n\ 


We construct a sequence ^i, °f variables with an exponential 

distribution and mean - and form their cumulative sum. Let n be 

A 


defined by 


n n +1 

£ y t g A < £ y> 

i = 1 i= 1 


Then n will have a Poisson distribution with mean A. Of course, if A is 
large, the normal approximation can be used. 

An alternative technique based on rejection is also available. 
Consider the distribution of the product R 0 R 1 of two uniform random 
variables. 

For fixed R 0 R { = 

Ro 

.*. p(x) = - logx 
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n 


By induction the product Y\ has p.d.f. 

r = 0 

/„(*) = (- log x)"l n ! O^x^l 


and c.d.f. 


= 0 


F n (x) = x 


I 


1 = o 


otherwise 

(-log*)" 

nl 


Take the product U n of n uniform random variables and test 


v. > e - m 

n 

The probability of this is 1 -F n (e~ m ) = i-e~ m £ — 

j—o /! 


The distribution of the first n for which U n > e m is 

nl 

i.e. n has a Poisson distribution of index m. 


3.5 Other Rejection Techniques 

Kahn lists a number of other distributions which can be sampled by 
rejection techniques. A few examples follow: 

(1) To sample from the p.d.f. given by 

Ax) = . - A - 0 g X g 1 

W1 — x 2 

0 otherwise 


This is the distribution of cos nR where R is a uniform variate in [0, I], 

(i) Select two uniform variates R 0 , 

(ii) Reject unless R^ + R* ^ 1 

(iii) Now (R 0t R L ) is a random point in the first quadrant of a circle 
and 


arg q = tan 1 


- is uniform in 
x 



The required variate is 

cos 2y\ — cos 2 y\ — sin 2 rj = 


Kp—Rl 

R 2 o + Rl 
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In practice, if a pair is rejected, the last value can be retained for the 
next trial, reducing the number of random numbers needed. 

The efficiency of this process is obviously 

(2) The following rejection procedure can be used to generate a 
number of different variates. 

(i) Set i — 0, select a uniform random variable R 0 . 

(ii) Select a random variable R i+ x , increase / by 1. 

(iii) Test if R t ^ if so repeat stage (ii); 

if not set 

X=R t -1 

Y=Ri 
Z — R 0 
/== i 


The joint p.d.f.’s for (X, /), ( Y, /), (Z, I) can be obtained as 


~x 

II 

X 


0 

All 

U-l)! 



‘X 

1 - 

II 

0£y£l 

0 

All 

h(z, 0 = (1 ~ Z f^ 1, 

JX-z) 1 


(i-l)! 

il 



The marginal p.d.f. for i is obtained as 


PHI = /) = 


1 _ 1 
il (i + l)l 


But the marginal distributions of X and Y are of more interest 


/(*) = ! 7 ; 


0 (i-l)! 
g(y) = e-ye y 


xe* , 0 g x g 1 
, Ogygl 


That for Z is, of course, merely the original uniform distribution. 

If samples which stop on even values of i are rejected, the marginal 
distributions become 



in 
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f x 1 ^ x 2l + i xcoshx , __ . * 

fo(x) = -- L -tztt- =-—— Where 
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K o (2 f )! 




0<x<l 


j..(j')” fs ' nhl ~ si,1h>,) 

K 

h n (z) 


e—1 


Ogygl 
0 < z < 1 


If samples which stop on odd values of i are rejected, the marginal 
distributions are 

f e (x ) = ex sinh x , 0 <; x ^ 1 

g e (x) — e(cosh 1 - cosh y) , 0 ^ y ^ 1 
h e (x) = e-e z , O^z^l 

Replacing the test R t ^ R i _ l by R i+i ^ ^ replaces the variables 

7 , z by their complements. This enables a further set of distributions 
to be generated. 

A further set can be generated by replacing the test by R t < R 0 and 
yet another by <7+l)R f < iR 0 . For further details Kahn should be 
consulted. 

The whole process is an extension of the Von Neumann technique 
for generating an exponentially distributed variable. 

3.6 The Binomial Distribution 

This distribution is the most frequently required discrete distribution, 
and there are several special methods of generating variables from this. 
For the special case of P — \ the digits of a uniform random variable 
are variables which take the values 0 and 1 with equal probabilities 
Thus the binomial variable of index n with P = \ can be formed by 
summing n digits of a uniform random variable. 

For the case of P # \ this method can be extended and is best 
explained by an example. 

Suppose we require a sample from a binomial distribution with 
P = then take two random variables x lt x 2 and express them in the 
binary scale, e.g. 


= -11010111001011001 
x 2 = -10101101100110101 
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If we now form a new number by a process of digitwise logical multi¬ 
plication of these two numbers we obtain the number 

•10000101000010001 

The occurrence of a 1 will only arise with probability of Hence 
the sum of n digits from the collation of two uniform random variables 
gives the required random variable from a binomial distribution of 
index n and P = If a value of P = J is required, then we complement 
the number given by the collation, and sum n digits of this number. 

By a suitable sequence of collations and complementations we can 
obtain a sequence of digits in which the probability of a 1 may have any 
required value, expressed as a binary fraction. Thus to obtain a 
sequence with p = we take four random numbers, collate the first 
pair and complement giving a sequence with p = J, collate the second 
pair giving a sequence with p = i and collate the two results. 

The advantage of this technique is that several random variates 
with the required distribution can be obtained from a single random 
number or group of random numbers. 

A similar device has been described by Davis as follows. Treat the 
random number x as a fraction. 

If x < p, score 1 and form x 2 = x x . 

If x ^ p, score 0 and form x 2 — x x —p. 

The probability of scoring 1 is p and x 2 is uniform in range (0, p) 
or (0, q ). We could rescale x 2 to be uniform in 0, 1 and repeat, but the 
division can be avoided by rescaling the probability p to p 2 or pq 
(q=l-p). 

Thus a repetitive process can be defined to give a sum of scores. 

Xi — x 
Pi = P 

If Xi < p^ score 1 and form x i+l = x t 

Pi+i = PPi 

If x t ^ p h score 0 and form x i+i — Xi-p { 

Pi +1 = <IPi 

This process may be continued until the successive multiplications have 
reduced the size of x to too few significant digits for the comparison 
to be accurate. 
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3.7 Selecting a Point at Random in an w-dimensional Volume 

If a geometric problem is being studied by simulation techniques the 
need to select a point at random in n-space is required. If the space is an 
n-dimensional cube of unit size the problem is trivial since the point 

( Xl ,x 2 . x„) has the property that x„x 2 , ...,x are independent 

uniform variates. 

To select a random from any other bounded space V the rejection 
process can be used. Surmount the space by a larger cube, sample 
from this enclosing space and test if point is in V, if not reject it. The 
first accepted point is a randomly chosen point in V. 

In two and three dimensions, this process is quite satisfactory, but 
in higher dimensions the rejection rate becomes very high. For example, 
if V is an ^-dimensional sphere of unit radius the probability of accep¬ 
tance of a point randomly chosen in the hyper-cube -1 g ^ 1 
(/ = 1 , 2, ..., n) is 

p =__ ~k( n - e X 

” n2"" 1 r(n/2) \4n) 

and decreases alarmingly as n reaches values of 10-20. The rejection 
process then becomes impracticable. 

An alternative procedure consists of choosing a radius a (^1) and 
selecting a point on the surface of the hyper-sphere of radius x at 
random. Since the surface area of a hyper-sphere of radius * is 

2te b/ V" 1 

rc«/ 2 ) 

xmust be sampled from a distribution with p.d.f. 

/(*) = AX "" 1 , O^A'^l 

= 0 , otherwise 

The c.d.f. is F(x) = x" , Oixgl 
= 0 , otherwise 

and the usual inverse process gives 
where y is a uniform variate. 

To pick a point at random on the surface of a hyper-sphere requires 
the selection of a direction at random. Pick Xi t X 2 i •••> x n from a 
normal distribution. 
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Their joint distribution has p.d.f. 

^ dXl dx ... 

and is radially symmetric. 

Thus (£x t , tx 2 , & 3 , ..., £x n ) is a point on the /^sphere if 



„ _ x 

C (xl+xl + xl-.-xl)* 

An alternative procedure determines a point on an n -sphere by a 
recursive procedure, selecting a point on a 1-sphere (x! = lor^j = — 1) 
and determining from this a random point on a 2-sphere and so on 
until the required dimensionability is reached. 

Given a point (x l 9 x 2 , on an m-sphere, the point on the 

(w+1) sphere is _ 

(rx i, rx 2 , .... rx m s^T^r 1 ) 

where 5 is a random sign and r has the p.d.f. 


r m- 1 

k — - , 0<r^l 

Vl-r 2 



0 , otherwise. 

The first method can be adapted quite easily to sample uniformly 
within an ^-dimensional ellipsoid. 














CHAPTER 4 


RANDOM NUMBER TABLES 

4.1 Introduction and History 

In Chapter 2 we reduced the problem of sampling from a distribution 
to one of sampling from a uniform distribution (or if one is working 
arithmetically to picking an integer at random from a consecutive 
range). When sampling experiments are being performed manually, the 
main technique for ensuring that the numbers used are random consists 
of generating a set of numbers by some random process, tabulating 
them and using the tables on the various successive jobs of sampling 
undertaken. 

The modern history of sampling experiments in mathematical 
statistics started with the work of W. E. Gossett writing under the 
pseudonym of ‘Student’ from Guinness’s Brewery in Belfast. He dis¬ 
covered the celebrated /-distribution named after him, and at the time 
he published the theoretical derivation of the distribution of , this 
statistic, he backed his findings by sampling experiments. 

This technique of discovering or verifying the sampling distribution 
of interesting statistics was taken up in a vigorous fashion by the 
statistics school at the University College under Karl Pearson, and for 
several years a steady stream of papers was published giving the 
results of such experiments. In all these, the sampling was performed by 
the traditional ‘Top-Hat’ method using beads or discs in an urn or bag. 
The idea of using tables of random numbers was introduced by Tippett, 
when working in their laboratory on the distribution of the range of a 
sample from a normal distribution. To perform this work on the range, 
Tippett constructed a table of 10,400 random digits which he extracted 
as the terminal digits of entries in some census tables. 

This gave a new impetus to sampling experiments, which could now 
be performed much more quickly and with greater reliability than 
before. It soon became clear that the 10,400 numbers in Tippett’s 
tables were not sufficient, and M. G. Kendall and B. Babington-Smith, 
working in co-operation with University College, decided to form a far 
more extensive table. They produced a table of 100,000 decimal digits, 
using a mechanical randomiser to generate them. This will be described 
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in the next chapter. At about the same time, Fisher and Yates, working 
from Rothamsted, produced a smaller table of 15,000 digits which were 
in fact the 15th to the 19th digits of the logarithms given in A. J. 
Thompson’s mammoth Logarithmica Britannica . 

This set of tables sufficed for sampling experiments for many years, 
and it was not until after the Second World War that any significant 
addition to the stock of random number tables was made. The Rand 
Corporation in America produced 1,000,000 random digits, using an 
electronic randomiser with its own printing device. This machine will 
also be described in the next chapter. 

4.2 Tests of Random Number Tables 

The authors of all these tables held some doubts of the validity of 
their random sources and consequently determined to make some tests 
that these tables actually constituted a sample of random numbers. 
Kendall and Babington-Smith, in the paper in which they described their 
tables, also give an account of the tests which they applied to their 
tables and these have become, through the years, the standard tests 
applied for randomness. Kendall and Babington-Smith emphasised that 
the number of tests for randomness that can be applied to a sequence of 
digits is quite unlimited except by human ingenuity, and implied that it 
will always be possible to invent some test that a given table will fail, 
and in their paper they give an interesting philosophical discussion of 
the implications of such tests. Broadly speaking, their conclusions are 
that the tests of randomness applied to a sequence will depend upon the 
use to which this sequence is to be put. If it can be established that a 
particular type of patterning in the table is likely to give serious error to 
the results of some sampling experiment, then the table must be tested 
so that this particular type of patterning does not exist. This tailor-made 
approach, of course, is not very realistic in practice, and the custom has 
arisen of accepting the tests suggested by Kendall and Babington-Smith 
for nearly all purposes. These tests are now described. 

4.3 Frequency Test 

The first obvious requirement of a set of decimal digits is that each 
decimal digit shall occur with approximately equal frequency, and this 
test merely consists of recording the frequency of occurrence in the 
table of each decimal digit and comparing with its expected frequency 
(one-tenth the sampled size) by using a x 2 test. 
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4.4 The Serial Test 

The frequency test merely tests the probability of occurrence of each 
digit in a given position, but it does not exclude the possibility of serial 
correlation between the digits in successive positions. Thus the sequence 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9,\ .. will satisfy the 
frequency test, but clearly it is not a random sequence. As a safeguard 
against serial correlations between successive digits, Kendall and 
Babington-Smith applied a test in which the frequencies of every pair of 
digits were recorded and tested against expected value. In this test, each 
digit is used twice, first as a leading digit, second as a trailing digit, and 
a comparison with the actual frequencies with the expected are once 
again made with a y 2 test. 

4.5 The Poker Test 

The serial test examines first order correlations only and for higher 
order serial correlations some more comprehensive test is required. 
This could be achieved by recording the frequencies of triads of digits 
compared with expectation and then with quadruples and quintuples. 
However, for large groups of this kind, the number of values contribut¬ 
ing to the contingency table will be severely restricted, and the numbers 
in each class may become rather small to the consequent detriment of 
the effectiveness or the validity of the y 2 test. To overcome this, Kendall 
and Babington-Smith proposed to amalgamate certain of the five digit 
groups and make a test of these composite groups. The groups chosen 
were selected according to the principles of poker. The groups were 
those in which 

(i) all digits were distinct; 

(ii) a pair of like digits occurred; 

(iii) two pairs of like digits occurred; 

(iv) three like digits occurred; 

(v) four like digits occurred; and 

(vi) all digits were alike. 

It is a simple exercise in combinatorial arithmetic to work out the 
expected frequencies in these classes and apply the y 2 test for goodness 
of fit of the actual distribution to the theoretical one. 

Because of this similarity between the composite groups and those in 
the card game of poker, it is known as the poker test. In this test, the 
whole sample n is divided into n/5 samples of quintuplets so that the 
problems of dependence between the different groups is eliminated. 
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4.6 The Gap Test 

The final test as suggested by Kendall and Babington-Smith was that 
the number of digits between successive zeros should be counted and the 
frequency of the various ‘gaps’ be compared with the expected values 
given by the ordinary geometric series. 

Kendall and Babington-Smith applied the y 2 method of testing good¬ 
ness of fit in all these cases, but it has been pointed out by Good that 
this is not valid for the serial test, as the use of each digit twice intro¬ 
duces a bias. He has shown that the expected value of the y 2 statistic 
calculated in this test will be 99, whereas, bearing in mind that there are 
10 linear restraints, it should have an expected value of 90. This diffi¬ 
culty can be circumvented at the expense of the stringency of the test 
by taking the digits in n pairs, and therefore using each digit once only. 
Although the practical implications of Good’s analysis are not very 
serious for the tests of decimal digits, they become very much more 
serious in the case of binary digits where there are only four classes in 
the serial test (00, 01, 10 and 11) and the y 2 calculated would have an 
expected value of 3 as opposed to the presumed value of 2. However, 
if tables of binary values were produced, or if the sequences of binary 
values produced by digital computers were to be tested, the volume of 
digits available is likely to be much higher, and then a test on the 
relative frequencies of all possible quintuplets could be made, dividing 
the sequence up into independent 5-bit parts. 

Other tests have been described from time to time in literature, and a 
short account of these is now given. 

4.7 The Run Test 

Kermack and McKendrick have suggested a test of random digits 
using a run property. They defined a run as a sequence of digits either 
in ascending or descending order, and the number of digits in a run is 
termed the length of the run. A descending run must, by definition, be 
followed by an ascending run and vice versa, and the length of the run 
down and up (or up and down) is termed a gap. The derivation of the 
distribution of the run and gap length is rather difficult, and in their 
original paper, they restrict themselves to the problem of evaluating 
this distribution for a randomly arranged set of unequal numbers. In 
the case of a table of random digits, of course, each digit may appear 
many times, and the possibility of ties in the sequence considerably 
complicates the analysis. For this reason, presumably, this test has 
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never received much attention, and is not today used for the testing of 
random sequences. 

4.8 Yule’s Test 

Yule, in using Tippett’s tables, noticed a certain type of patchiness 
in the digits which he suspected affected his results, and in consequence 
he applied a test of his own invention. This consisted of examining the 
actual distribution of the sums of five digits with its expected distribu- 
tion. He chose the five elements to be added by reading down the 
columns of the table, and showed that certain batches of Tippett’s 
tables did not satisfy this test of randomness. The theoretical distribu- 
tl0 1 n ,°L the i sums of five equally likely digits presents some little theoreti¬ 
cal difficulty, which Yule overcame by a practical arithmetic process. 
He derived it m five stages: first finding the distribution of the sum of 

two digits, then the distribution of the sum of two digits, and one digit 
and so on. & ’ 

4.9 The D 2 Test 

Random numbers are now often used for the evaluation of multi¬ 
dimensional integrals. This is regarded as a generalisation of the problem 
ot evaluating an area. This uses random numbers to select a point at 
random in a unit square surrounding the area. When the numbers are 
to be used in this way, it would be sensible to test that the points so 
derived are uniformly distributed over the square. A test of this feature 
o the sequence has been devised by Gruenberger and Mark that 
consists of using sequences of four random numbers as the two pairs 
of co-ordinates of two points in a square and computing the distance 
between them. The distribution of this distance has a theoretical distri¬ 
bution that can be easily calculated from the formulae 

P(d) - nd z -~ + ^L 0<rfSl 

3 2 “ ~ 

= i ■+ (u -- 2)d 2 + 4(d 2 -1)* + f(d 2 - 1)* - id 4 -4d 2 sec" 1 

1 < d g 72 

and, as usual, the actual can be compared with the expected by means of 
& x test. 

4.10 Comments Concerning Tests 

rhese tests are usually made on a collection of random digits in 
fairly small batches. It is possible then by combining the Rvalue from 
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each of the batches to make an overall test of the whole table. If a 
table is large enough, then we must expect small parts of the table to 
exhibit highly regular patterns as any particular regular pattern must 
occur with exactly the same frequency as any other configuration. 
Thus we must not be surprised if a table of 10 10 digits contains at 
least one example of any one sequence of 10 10 digits. In particular, a 
whole series of zeros should occur. Such regular patterns will give high 
X 2 values in some or all of the tests. In fact, if the table is broken into 
small batches and for any given test the y 2 value is calculated for each 
batch, then the set of y 2 values obtained should actually be a sample 
from the appropriate y 2 distribution. Some of the later workers have 
tested their y 2 values from separate batches in this way. Regarded in 
the large, any table of random numbers which does not include its due 
proportion of high y 2 valued batches cannot be regarded as a random 
table. On the other hand, for practical use, that particular batch of the 
table would be quite useless in some small limited experiment. 

Thus the compilers of tables have usually described the tests that have 
been made on them and the results of those tests, and indicate which of the 
various batches in their table fail to meet each of the several tests applied. 

4.11 Tables of Other Random Variates 

Although we have described in some detail in the preceding chapter 
how to convert from random numbers to any other statistical distribu¬ 
tion, certain distributions are of such importance that tables of samples 
from such distributions can save an enormous amount of work in 
sampling experiments. Of paramount importance in statistical theory is 
the normal distribution, and two tables of random normal deviates have 
been published. These were both found by transforming tables of 
random numbers by means of the inverse cumulative formula given in 
Chapter 2. Mahalonobis transformed Tippett’s tables, and Herman 
Wold of Uppsala transformed the Kendall and Babington-Smith tables 
into 25,000 random normal deviates. Both these tables, when con¬ 
structed, were subjected to further tests for their randomness. The test 
used consisted of forming the distributions of the sum of n of these 
random normal deviates, and comparing this distribution with the 
expected normal distribution. 

4.12 Conclusion 

The tables of random numbers described in this chapter were 
historically of the utmost importance in the advancing of the technique 











RANDOM NUMBER TABLES 49 

of sampling experiments, and are still an invaluable aid to workers who 
wish to make small-scale experiments. However, the advent of electronic 
computers has enabled the scale of operations to be considerably 
enlarged, and these tables can now no longer be thought of as a good 
source of randomness for the enlarged sampling experiments being 
conducted. The next two chapters consider two alternative sources of 
randomness for large-scale experiments. The first of these is the physical 
generation of random digits by some apparatus, and the second is the 
production of sequences of digits that, although produced deter¬ 
ministically, will satisfy the various tests for randomness that have 
hitherto been applied to tables. 



CHAPTER 5 


RANDOM NUMBER GENERATORS 

5.1 Introduction 

We have seen that the method of simulation (or sampling experiments) 
requires a source of random digits which can be used singly or in 
collections as approximations to uniform random variates. Chapters 
2 and 3 were concerned with the use of such a source of random 
numbers for the generation of samples from any statistical distribution. 
This chapter will consider methods of deriving such random digits by 
physical means. 

There is a long history of building machines to generate random 
digits. This arose, in the first instance, from the need to study certain 
stochastic phenomena by building physical models of the systems. The 
present-day physical generators of random digits have derived from 
these attempts to build physical random simulators. 

The first and most important machines constructed for physical 
simulation were used by telephone traffic engineers to study the impact 
of random fluctuations of telephone demand on telephone exchanges, 
and the efficiency of various methods of routing calls through the 
available equipment to minimise the delays to those calls. Similar 
machines have been made to study the analogous problem of random 
effects on road traffic congestion. 

A wide variety of natural phenomena have been used to produce 
randomness and can be divided into the electronic and non-electronic 
devices. Amongst the non-electronic or mechanical devices, the most 
popular has been the application of the spinning disc used in many fair¬ 
ground games. A disc, divided into a set of equal numbered sectors, is 
spun and allowed to come to rest. The number of the sector selected by a 
fixed pointer is taken as the random number selected. 

Most electronic devices make use of the small variations in the 
thermionic emission from a valve due to the thermal agitation of the 
electrons in the filament. Another popular source of noise is the 
emission from a radio-active source. 

It has been proposed to use detection apparatus to pick up atmo¬ 
spheric radiation and convert this to a widely fluctuating voltage. 
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Another possibility is to utilise the Brownian movement and detect the 
incidence of a Brownian particle in a small field by means of photo¬ 
electric devices. A machine based on this principle is known to have 
been constructed. 

Controversy has raged about the validity of each of these methods and 
philosophers have argued whether such natural phenomena can be 
regarded as random. For practical purposes these arguments are 
irrelevant, and it seems that the right requirement of a phenomenon to 
be suitable for a random noise source is that there is no scientific 
explanation of the phenomena that is used and the effect that is observed 
is generated by a large number of atomic events. Moreover, these 
atomic events, in spite of their large numbers, must not display any of 
the statistical regularity that is observed as, say, in the gas laws. 

The crucial test that a process is random is that predictions concern¬ 
ing the future behaviour of the system cannot be improved from a 
knowledge of its past behaviour. Ideally, we should require proof that 
no rule for prediction is possible, but since there is no limit to the 
rules that can be tested, and ultimately the proof must depend upon 
experiment, this will not be possible. In practice, then, we are forced to 
accept any phenomena whose exact mechanism is unknown to us and 
whose behaviour is not predictable by any obvious deterministic laws. 

It has already been mentioned that the second major table of random 
numbers was produced by Kendall and Babington-Smith, using a 
randomising device. This was a mechanical disc mechanism. A disc was 
spun by an electric motor and was stopped at an arbitrary time by the 
observer and the digit against the pointer noted for inclusion in the 
table. 

The arbitrary time was selected by blindly drawing an electrode 
across a graphite maze drawn upon a piece of paper until the electrode 
made electrical contact with the maze. 

The principle of this machine is that there will be many revolutions 
of the disc between observations and the only relevant factor in deter¬ 
mining the digit recorded is the magnitude of the fractional part of the 
last revolution made. It is maintained that this fractional part is not 
under the control of the operator and so is equally likely to take any 
value and hence each of the ten sectors are equally likely to be selected. 
Kendall and Babington-Smith tested the tables produced by this 
mechanism by the several tests described in Chapter 4, and indeed (as 
was mentioned there) they were largely responsible for the invention of 
many of those tests. 
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Other mechanical randomisers have been built, but there is very little 
in the literature concerning them. The only exception to this is the 
stochastic analogue machine devised by Beer. This employs the principle 
of buffeting a ball in a random manner before allowing it to fall into 
one of a large number of pockets. This machine will be described in 
more detail later. 

5.2 The Electronic Machines 

These machines are based almost universally on converting the 
source of random noise into a train of pulses. This train of pulses is used 
to drive a cyclic counter. The drive is interrupted at fixed intervals of 
time and its state examined. The state between successive inspections of 
the counter depends on the number of pulses occurring in that interval 
of time; and more particularly on the remainder on dividing that 
number by the radix of the counter. Thus this mechanism is similar to 
that used with the spinning disc except that the roles of randomness and 
determinacy are interchanged. In the disc the inspection occurs at 
random intervals, and the events (change of state) are at constant inter¬ 
vals determined by the constant speed of the motor; in the electronic 
devices the inspection is at constant intervals and the events occur at 
random intervals. 

Cursory consideration of these two systems would lead one to believe 
that they would be equally efficient, but it has been shown by Thompson, 
one of the workers on the G.P.O. machine ERNIE, that this is not the 
case. He has given a mathematical analysis of these two situations, 
which shows that the process of uniform inspection of a randomly 
actuated counter gives rise to a more accurate random distribution of 
the positions of the counter than the other system. 

For those readers who would prefer a heuristic argument rather than 
a more mathematical one, the following may be useful. 

Although the number of pulses between inspections has a discrete 
distribution, if the average number of pulses per sampling period is high 
enough, it can be regarded as a continuous distribution. Divide the 
distribution into vertical strips whose width corresponds to the radix 
of the counter. Then the distribution of relative movement of the 
counter is obtained by superimposing these strips on to each other. 
Each strip has a curved top, but for reasonably symmetric distributions, 
each strip may be mated with a symmetrically disposed strip and so the 
top of the summed strips is level, i.e. the distribution is uniform. 

The wider the original distribution, the flatter the tops of the larger 
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strips are and the less levelling out is required by the summing process. 
Thus high variability is a desirable feature of the distribution, and this is 
the reason for favouring a Poisson source of pulses. 

If the successive movements are uniformly distributed, then the 
successive counter positions are uniformly distributed. To ensure that 
the positions are statistically independent, the number of pulses in 
successive intervals must be independently distributed. 

To ensure this, we require that the probability of generating a pulse 
at any instant does not depend on the history of the previous pulses 
generated. The random noise source from which pulses are generated 
can be analysed by means of auto-correlation functions, and it is fairly 
easy to see that for no dependence of one pulse train on another we 
require the auto-correlation coefficient for lags greater than or equal to 
the sampling interval to be zero. This requirement is met if the sampling 
interval is chosen large enough to exceed the maximum lag for which 
the auto-correlation of the originating noise source is significant. 

To obtain a pulse train from the noise source, this is fed into a high- 
gain amplifier whose output is limited both ends, thereby producing an 
irregular square wave form. This square wave form is differentiated so 
that each swing of the amplified noise generates a pulse. 

In practice, the differentiator in such a pulse-generating circuit will 
have a dead-time associated with it so that after generating a pulse it 
cannot produce another one for a certain interval of time. Extensive 
mathematical analyses have been made of the performance of systems 
involving dead-times in connection with counting the radio-active 
particles and the use of Geiger counters as measures of the strength of 
radio-activity. There is no need to go into the details of these analyses, 
since, for the purposes of constructing a random number generator, we 
rely upon the production of a long train of irregularly spaced pulses and 
counting them. The exact distribution of the intervals between them is 
now no longer of significance. 

We now describe, in more detail, some of the actual machines that 
have been constructed. 

5.3 ERNIE 

This machine has obtained popular notice for its use in connection 
with the national lottery system recently introduced in this country. 
The randomising technique used is precisely the one described above 
and uses neon discharge tubes as the sources of noise. Each time the 
noise wave forms pass up above a certain fixed level, the pulse generators 
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emit a short pulse of two microseconds duration, followed by a dead¬ 
time of 30 microseconds. The cyclic counters used have 10 or 24 
positions, the latter being used to select a random letter and the former 
for random decimal digits. The counters are inspected at intervals of 
about one-sixth of a second to produce the random digits. 

The output from these generators should all be independent of each 
other, which implies that the noise wave forms from the neons are 
independent, and it is thus important to ensure that there are no 
common effects caused by fluctuating anode voltages. 

For a machine used for the purposes of ERNIE, it is most important 
that no fault should develop during the selection of bond numbers, 
and for this purpose a redundancy technique has been used in the 
generation of the random digits. Nine random numbers are required, 
but ten cyclic counters are provided. These are connected in pairs, as is 
shown in Figure 6. 

The final outputs are taken as the differences of each pair of genera¬ 
tors. This has the effect of increasing the variability of the number of 
pulses counted, and hence leads to an improvement in the approach to 
equi-probability. 

Its main purpose, however, is to deal with the possibility of the 
breakdown of one of the original generators. If, say, U2 breaks down, 
then K1 = Ul-K , where K is the constant value from the broken 
generator. Thus, if U\ is uniformly distributed, so is VI. Moreover, if 
K is not fixed, but has any distribution whatsoever, it is still true that VI 
has a uniform distribution. Thus the nine outputs of the machine are 
safeguarded against the breakdown of any one of the ten generators. 

The arrangement preserves the independence of the separate outputs 
since if the ten cyclic counter outputs are rr 2 , • ♦ •» *To an d the final 
outputs are s l9 s 2 , ..., s 9 , we have 

Pr(s t = fc 1# s i+1 = k 2 ) = Pr(ri~r i+1 = k u r i+1 -r i+2 = k 2 ) 

= Pr(r; = k 1 + r i+u r i+2 = r i+1 -k 2 ) 

= Pr(r f = k' u r i+2 — k 2 ) = 10 2 
= Pr(s t - = k t )Pr(s i+1 = k 2 ) 

This principle could be extended to safeguard against more than one 
breakdown, and the interested reader is referred to the discussion on 
Thompson’s paper for an analysis of the methods by which this can be 
achieved. 
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Figure 6 


This machine is not typical of random number generators in that its 
output has a special application, and therefore a special form. It was 
developed from the traffic machines built by the G.P.O., which em¬ 
ployed the same physical means of generation. 


5.4 The Rand Corporation Machine 

The Rand Corporation of America have recently published a table 
of one million random digits, which were produced on an electronic 
randomiser. This machine was of standard pattern and generated 
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decimal digits at the rate of one per second and printed the value, 
obtained. 

5.5 The Manchester Mark I Computer Randomising Unit 

The first automatic computer built by Ferranti Limited (and designed 
by the Department of Electrical Engineering of the University of 
Manchester) incorporated a random number generator which used the 
standard principle. This machine worked in the binary scale and so had 
a binary counter (more usually known as a ‘flip-flop’) having only two 
states. This was continuously complemented by a train of pulses 
generated from a noise source, which, in this case, was the thermal 
agitation in the emission from a thermionic diode. The state of the flip- 
flop was inspected at times governed by the master clock of the machine, 
and the resulting digits collected into a register to form a random binary 
number. No details of this mechanism nor any descriptions of simula¬ 
tion experiments on the Manchester Mark I machine have, using this 
randomiser, ever been published to the author’s knowledge. Further 
Ferranti machines have not incorporated such random number genera¬ 
tors. The reader may draw his own conclusions. 

5.6 The United Steel Companies Random Number Generator 

This machine is a fast generator which has been built for experiments 
on cybernetic techniques of control of general systems. It uses the 
standard principles for the generation of random digits and, like the 
Manchester Mark I computer, works in the binary scale. The irregular 
square wave formed from the noise in a thermionic diode is fed directly 
to a binary counter, which is complemented by each rising edge of the 
wave form. 

As in ERNIE, a comparison technique is used, but instead of using 
two random sources with identical characteristics, the same random 
number generator is used twice over. This is effected by supplying two 
binary counters, and a control mechanism which goes through the 
following cycle. First a gate 1 is opened, allowing the pulses to feed 
into counter 1, then gate 1 is shut and gate 2 opened, allowing the 
pulses to feed into counter 2, gate 2 is shut and an inspection gate 3, 
leading to an anti-equivalent circuit between states of counters 1 and 2, 
is opened. If these digits are unequal, the digit is recorded in a shifting 
register as that of the state of counter 1. If they are equal, no digit is 
recorded and the process is repeated. Figure 7 illustrates the process. 

This rejection process is more effective in giving rise to equi-probable 
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distribution than the mere modulo reduction technique used in ERNIE. 
It only requires, for the production of digits, each with a probability 
i> that the two noise sources have exactly the same statistical behaviour 
and this is automatically guaranteed. This follows, since if the prob¬ 
ability of a 1 from this noise source is /?, the probability of an output is 
°-pq and the probability that this is a 1 is pq. It has the disadvantage that 
the production of digits is irregular and proceeds at about an average 
of half the rate if the rejection process were not used. However, since a 



sampling rate at about 20,000 inspections per second is required, the 
number of pulses or their equivalent which can be counted into the 
flip-flop is much less by a factor of about 20 than that used in ERNIE. 
The overall performance of the two machines is probably rather 
similar. 

A mathematical analysis of the rejection techniques shows that not 
only is the correct probability of each digit produced, but that any 
residual correlation between successive digits is also reduced. The 
rejection process has the same advantage as the combination process in 
ERNIE in that if one part of the mechanism corresponding to one 
generator fails, the mechanism still produces random digits of quality 
determined by the elementary process. As in the Manchester Mark I 
machine, these digits are collected in a register and are available to an 
external source in groups of 15. 

The demonstration that the effect of correlation in the noise sources 
is reduced in the rejection process requires some assumption of the 
type of dependence. First suppose that the digits from each source form 
a Markov chain in which the probabilities of obtaining a 1 after a 0, 
a.s.—3 
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or 1, are p 0 , or p u respectively. The resulting sequence is also clearly 
Markovian and it only remains to determine the two probabilities 
corresponding to p 0 and p t . 

Denote the pairs 00, 01, 10, 11 by O', 0, 1, V and the probabilities 
that a sequence of n new symbols terminating with the symbol 9 with 
all other symbols 0' or T shall follow an old symbol r, by 
The usual difference equation technique gives 

p$ = Aa" + Bp n 
where a and ft are the roots of 

{x-ql){x- P \)-p 0 q QPi q^ = 0) , (q r = 1 ~Pr) 

and A and B are constants determined by the initial conditions. 

The probabilities that a 1 shall follow the symbol r in the derived 
sequence are 


l 


Aa Bp _ Aoc + Bp—(A + B)ccp 


1 —a 1 — p 


(l-a)(l -P) 


(s + r = 1) 


Substituting for Aa+Bp and A + B from the initial conditions we 
obtain 

p ( c i> = i ps = -T— , P \" = £ = -«2±£i_ 

h=1 1 + ^0 + Pi n=l 1 + ^fo + Pl 

Write 

Pi=P + S , p 0 = P —S , ^ = iOi~p 0 ) 

then 

p (1) = i <5 (1) = <5/2(l+(5) 


S measures the departure from independence of the digits of the se¬ 
quences and so the pairing process has reduced the dependence. If 
the process is repeated n times we obtain 

5 ( ' ,) =- - - 

2"[l+(2-i” +l )5] 

It is well known, or easily established, that the probabilities of a 
Markov chain of n symbols ending in i are <p\p 

t9o + Po(Pi-Po)" _I ] 

Po+q 0 


<tf ) = —-—[Po — Po(Pl — Po)” ‘] 
Po + <io 
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Thus the probability of an indefinitely long derived sequence ending 
in a 1 is 

Po V( Po ) + <?o ’) = i 

This observation shows how the dependence between the digits of the 
sequence can be removed entirely after one stage of pairing. Suppose 
the symbol following each 0 of the derived sequence is changed into its 
opposite. Then in the Markov scheme p { 0 l) is changed into q { 0 l} . But 
= (4o + Pi)/0 +4o + Pi) — Pi 1 *- Hence the resulting sequence is an 
independent sequence. A second pairing will produce a random process. 

Next consider a sequence subject to a trend, that is the value of p is 
steadily increasing or decreasing as the trial proceeds. Let p r denote the 
probability of a 1 at the rth trial. Then assuming a linear trend for 
simplicity, put 

p r — P( 1 + <xr) a <| p ctr < 1 


Then the probabilities that the /Th pair of digits are 01 and 10 are 


and 


pq + ccp 2 + 2a p(q — 1 — oip)r — 4a 2 p 2 r 2 
pq — apq + 2ocp(q — 1 — a p)r — 4oc 2 p 2 r 2 


and the conditional probability that the rth pair of digits will be 
recorded in the new sequence as a 1 is 


pq(l-oc) 


2pq + ap(p 


-q)_ 


i + 


2a 2 (q — p + ctp) 


q(l — <x)(2q + aq — p) 





a 2 (q-p)„ 


The average number of symbol pairs retained from n digits is of order 
npq so that the new trend equation is approximately 





i+ 


2pq 3 



A repetition of the process gives 



« 2 <g-p) |r 1+ 2« s (^-p) 2 r 
2 pq 3 JL p 2 « 7 




Thus the pairing process applied repetitively will rapidly reduce trend. 

The pairing process is rather wasteful of digits. Thus, if the sequence 
happens to be random, on average half the digits are discarded and of 
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those that are retained each pair gives only a single symbol. The final 
sequence contains only 25% of the digits of the original sequence. 
In general, it is the percentage of the information retained in the final 
sequence that is required. Table 5 shows the quantity for p = 0-1(0* 1)0*5. 
The calculations leading to this table have neglected an amount of 
information contained in the variation of sequence length, but this can 
be shown to increase as the logarithm of the sequence length, whereas 
the main contribution increases directly as the sequence length. 

This loss of information arises from discarding some of the symbol 
pairs; we can recover some of this lost information. If the symbol pair 
00 is coded as 0 and the pair 11 as 1 in an auxiliary sequence, this will 
be similar to the original sequence with p replaced by p 2 l(]) 2 +q 2 )- An 
application of the pairing process to this sequence will produce further 
random digits. Repeat these two transformations on the second set of 
discarded digit pairs and continue in this way indefinitely. The third 
column of Table 5 gives the total percentage of information retained if 
this recovery process is used. The efficiency of the process is not much 
improved. The remaining loss of information arises from the irreversible 
process involved in transforming the original sequence into the two 
sequences of accepted and rejected digits. 


SB 

m 

i 

9H?a 




Table 5 



Percentage of 

Percentage of 


information in 

information 

p 

derived sequence 

after recovery 

0*1 

0-19190 

0-20250 

0*2 

0-22163 

0-24851 

0*3 

0-23829 

028532 

0-4 

0-24718 

0-31584 

0-5 

0-25000 

0-33333 


By using more complicated coding of the digits more information 
can be saved. As an example, suppose the digits of the sequence are 
taken in sets of 4, and recoded according to the following table: 



m 


Old 

New 

Old 

New 

Old 

New 

Old 

New 

m 

0000 

Reject 

0100 

10 

1000 

11 

1100 

Reject 

S 

0001 

00 

0101 

01 

1001 

11 

1101 

10 

S55 

0010 

01 

0110 

10 

1010 

Reject 

1110 

11 

figs 

0011 

00 

0111 

00 

1011 

01 

mi 

Reject 
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This is constructed by taking groups of 4 individual configurations 
with the same probabilities, assigning one member of each set of 4 to 
the symbol pairs 00, 01, 10, 11 and discarding any spare ones. Applied 
to a random sequence this process produces a sequence of length three- 
eighths that of the original sequence. If the rejects 0000 and 1010 are 
recorded as 0, and 1100 and 1111 as 1, in an auxiliary sequence and this 
recoded as above and this repeated indefinitely, the final sequence can 
be extended to a total of 40% of the length of the original sequence. 
Table 7 shows the percentage of information retained for a general 
independent sequence by one application of the coding and by its 
repeated application. Comparison with Table 5 indicates the increase in 
information content and the comparative stability of the efficiency 
with p. 


Table 7 


p 

Single 

application 

Repeated 

application 

01 

0-34926 

0-35781 

0-2 

0-37234 

0-38933 

0-3 

0-37649 

0-39903 

0-4 

0-37571 

0-42333 

0-5 

0-37500 

0-40000 


If the digits are taken in larger groups and a similar process applied, 
the efficiency does not increase beyond the values of Table 7. A formal 
proof that the coding of Table 6 is optimum of its class has not yet been 
found but exhaustive trials for groups up to 10, the practical limit, show 
that it is true for that range. 

The problem of determining a coding process which retains all the 
information for any value of p is likely to prove difficult since any coding 
process to convert such a sequence for a known p to a random sequence 
involves the consideration of the whole sequence as a unit. 

5.7 The General Electric Electronic Probability Generator 

This is a machine that has been built for studying non-stationary 
random walks. This machine does not use the principle of accumulating 
a large number of pulses in a counter, but each pulse individually is 
used to give an output digit. It has been built so that the probability 
of an output digit being one takes the general value p , which is under 
manual control. A second terminal is given whose output is always 
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complementary to the main output. It can be likened to an electronic 

biased penny-tosser. 

Figure 8 shows a diagram of this machine. 



An oscillator drives a series of circuits which produce a regular 
square wave output in which the proportion p of time that the voltage 
is high is determined by a manually controllable input voltage. This 
wave form and its complement are used to control two three-way ‘and’ 
gates Go and G v A second common input to these ‘and’ gates is from 
a ‘lock-out’ flip-flop. When this is set on, the gates are opened to 
receive pulses from a pulse generator of standard pattern. The first 
pulse to arrive passes through one, and only one, of the two gates, which 
gate depending on when the pulse arrives in relation to the square wave 
input. After passing through a gate the pulse is regenerated and forms 
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the output on one of the output lines. Thus the probability of it passing 
the upper gate is determined by the manually set input voltage. In either 
case, the regenerated pulse is also routed via an ‘or’ gate to switch the 
lock-out flip-flop off thereby preventing more than one pulse appearing 
from the system. The next digit is then read by setting the lock-out 
flip-flop again. This can be done either by a single shot mechanism, 
from an external source of any kind, or from a built-in multi-vibrator. 

From figures published concerning this machine it is clear that the 
output of this generator is not of high quality, but it does have a very 
fast production rate and is no doubt suitable for a wide variety of 
sampling experiments in which the quality of the random digits is not 
very important. 

The principle of operation is an adaptation of the rotary disc method 
using two unequal sectors on the disc. The known inferiority of this 
technique (at least theoretically) may explain the disappointing per¬ 
formance of this rather elegant machine. 



The machine can be further extended to produce dependent binary 
sequences by means of an additional circuit shown in Figure 9, in 
which the output digits are used to set a further binary counter which, 
in turn, controls two gates that determine which of two possible input 
voltages are applied to the square wave generator. Thus by setting 
different values for these two voltages, a first order Markov process 
can be generated. 

Although this has not been done in the General Electric machine, it 
is clear that the process can be generalised and multiple order Markov 
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chains developed. Figure 10 shows how this is done, for a third order 
chain. 

The conditional probability flip-flop is replaced by a register of such 
devices, and after each pulse has been obtained on an output terminal 
the contents of the register are shifted one place, recording in the last 
vacated place the last digit. A diode matrix based on the digits of this 
register controls T gates which admit one of 2” manually set voltages 



Figure 10 


to the square wave generator. Thus, by assigning the right values to 
these 2” voltages any ^-dimensional Markov chain can be developed. 

5.8 The Lion Random Selector 

J. R. and K. S. Lion describe a generator using thyratrons (gas-filled 
triode valves) as the output mechanism, illustrated in Figure 11. 

Such a valve will remain non-conducting until the grid is raised to a 
critical voltage when it ‘fires’ and will remain conducting. Sinusoidal 
voltages exactly out of phase are applied to the grids of two thyratrons 
with a base voltage that ensures that neither thyratron will fire. If the 
base voltage is now raised, one grid will be raised at that instant above 
the critical voltage but the other will not. This causes one thyratron to 
fire and a feedback current is provided, which now ensures that the other 
valve cannot fire. Which thyratron fires is determined by the phase of 
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the sinusoid at the moment of raising the base voltage. This is achieved 
by closing a switch S by a thermal delay and the device depends on the 
inherent variability of such thermal devices. By choosing a sufficiently 
high frequency for the oscillation, the variation in the thermal delay 
changes the grid voltage at a random point in a cycle. 



Thus this machine operates on the roulette wheel principle. 

The Lion machine uses a 60-cycle oscillation (the American standard 
mains frequency) and the spread of the thermal delay corresponds to 
about 3 cycles. Increasing the frequency of oscillation could improve 
the performance. 

Records of individual digit frequencies and of pairs and triplets on a 
sample of 339 digits gave no indication of departure from randomness. 

5.9 The R.C.A. Random Number Generator 

This generator utilises the principle of the parmetron, a device used 
in computing machines developed by the Japanese electrical firm 
Kanematsu and independently suggested by J. Von Neumann. 

The principle of this device depends on the possibility of setting up 
and maintaining a stable oscillation in an element at a frequency //2 
when this is connected to a reactor driven at a frequency/. Two stable 
configurations are possible exactly out of phase with each other. Thus 
such an element can be used as a dynamic bistable device. 

The advantage of this rather complicated method of achieving two 
A.S.— 3* 
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stable states is the high frequencies that can be used. Several thousand 
megacycle devices are easily achieved, and very fast computers are in 
development using this element. 

In a computer, the choice of the stable configuration is determined by 
logical circuits. In the R.C.A. random number generator, the element is 
set in oscillation from a static state by switching on the main frequency. 
The phase of the subharmonic oscillation now depends on electrical 
noise present at the moment of switching. 

Thus this is another example of an electronic roulette wheel. 

In practice, two 2,000 M/c oscillators are used and the phases of the 
subharmonic oscillations are compared. If these are equal, a digit one 
is recorded, otherwise a nought is recorded. At these incredible speeds 
a sampling rate of about 3 x 10 7 per second is achieved. 

Such high rates of sampling introduce difficulties of testing the out¬ 
put for randomness. The machine described has been tested by counting 
the number of ones in 228 samples of 1,000 and the resulting distribution 
checked by a y 2 test against the theoretical binomial distribution. 

5.10 Analogue Randomisers 

Random number generators are most suitable for digital applications 
of the sampling technique. In recent years a large range of analogue 
computers based on high gain amplifiers with various forms of feed¬ 
back which give rise to the various linear operators such as adders, 
differentiators, integrators, etc., have been developed, for the study of 
analogue processes by machinery. If such devices are assembled to 
study the effect of random influences on a physical system, a varying 
source of voltage with a given probability distribution is required. 

As far as is known, no machines have been built to provide this 
facility. 

However, various mechanical analogue machines have been built 
and at least one mechanical analogue randomiser exists. This is the 
stochastic analogue machine devised by Stafford Beer. The purpose of 
this machine was to study the behaviour of queues, and to do this, an 
analogue quantity to represent the process time was required. As one 
of the main purposes of this machine was to demonstrate the effects of 
stochastic variation on industrial processes to management, it was felt 
that the analogy used should be as close as possible and the analogue 
quantity that was used was time itself. 

Thus the problem was reduced to the construction of time intervals, 
which followed a given probability distribution. This machine used a 
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mechanical version of the ‘Top Hat’ method. A ball is dropped on to a 
sieve which vibrates over a rotating cone and falls into one of 100 
pockets at the base of the cone. The oscillations of the sieve and the 
revolution of the cone result in successive balls falling into the individual 
pockets with a uniform distribution; it forms a device for selecting one 
of 100 pockets with equal probability. These pockets can be connected 
by tubes to merging chambers which, in turn, are connected to another 
set of pockets. Thus the probability of a ball arriving at one of the 
merged sockets is proportional to the number of original pockets 
allocated to that merged group. These groups represent the various 
possible times in the required distribution, and by adjusting the parti¬ 
tions in the merging chamber, any distribution can be approximated. 
The merged pockets are arranged horizontally over a moving belt, and 
the ball(s) prevented from falling on it by a mechanical gate. Simul¬ 
taneously with the release of a ball into the sieve and cone mechanism, 
the preceding ball is released from its selected pocket on to the moving 
belt. The belt is driven at a steady rate, and on reaching the end of the 
belt, the ball falls down a chute that actuates a micro-switch. The delay 
in action of this micro-switch is proportional to the distance of the 
selected pocket from the end of the chain, therefore to the ordinal 
number of the pocket and thus to the value assigned to that pocket. 
In this way, a time interval between releasing one ball and collecting 
another ball constitutes a sample from the specified distribution. 

The balls required for dropping into the sieve cone mechanism are 
held in a zig-zag reservoir and are released on an electrical impulse 
signal by a solenoid controlled gate. A further unlimited reservoir of 
balls is provided so that another electrically operated gate may drop a 
ball into the limited reservoir. This latter represents the queue in front 
of the process which is itself represented by the analogue machine. The 
closing of the micro-switch corresponds to the termination of a process 
on that machine and can be fed to the input of a similar machine to 
release a ball into the queue before it. The whole machine is illustrated 
in Figure 12. 

A battery of ten of these machines has been built and are used to study 
complex queueing situations. 

5.11 Pseudo-random Number Generators 

As we shall see in Chapter 6, there are technical advantages in having 
a reproducible sequence of numbers instead of purely random numbers. 
In the same way, in mechanical machines, there may be some advantage 
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iii having a reproducible sequence of digits that nevertheless display 
properties similar to random sequences. 

Another possible application of such pseudo-random number genera¬ 
tors is in demonstration equipment that is designed to illustrate the 
effects of random behaviour but at the same time is required to be 
comparatively cheap. 

The problem consists of generating a very long cycle of digits. A 
possible way of achieving a binary sequence of digits that has been 
used in a queue demonstrator has been constructed at the United Steel 
Companies. 

This machine simulates four process machines, each with an adjust¬ 
able mean service time, which is served by a common stock of material 
(a queue) to which items are added at varying intervals of adjustable 
mean length. 

To simplify the machine, each process distribution and the inter¬ 
arrival distribution are assumed to be exponential and are defined 
completely by their mean values. 

The machine advances in discrete steps of time marked by a train of 
equally spaced pulses. At each pulse, the four machines and the arrival 
point are scanned and a decision made if an event is to occur. This is 
achieved by inspecting a random binary digit; if this is a one the event 
occurs, otherwise no event occurs. For the machines, the event is that 
the present item, if any, being processed is finished; for the arrival point, 
the event is an arrival. 

The assumption of an exponential distribution enables the sequence 
of digits to be a random one, since this will ensure that the distribution 
of intervals between events will be a geometric one. This is the discrete 
analogue of an exponential distribution. 

To allow for the varying mean values associated with the different 
machines, the probability of a one for any given digit must be adjust¬ 
able. This complication will be ignored in the initial description of the 
pseudo-random number generator. 

The machine is an electro-mechanical one, and the randomising unit 
is composed of a set of uniselectors. These are electrically operated 
multi-way multi-pole switches. A bank of 200 contacts, arranged in 
8 banks of 25 contacts, are scanned by 8 wipers. On energising the device, 
all the wipers move from one row of 8 contacts to the next, returning 
to the first after scanning the last row. 

If 2 r of the contacts randomly selected are earthed and the 200 
contacts scanned in some order, then earth will be found on r% of scans. 
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If the scan is repeated in the same order, a cyclic pattern of length 200 
will develop, but if a large number of different scanning orders can be 
generated, the cycle length will be much increased. For convenience all 
the scanning orders will proceed from consecutive rows and only the 
choice of bank is available to generate different orders. 

This is achieved with two further uniselectors. The eight wipers of 
the first uniselector are wired on to the contacts of the first 23 rows 
of the second uniselector in a random pattern, so that each occurs 23 
times. The eight outlets of this uniselector in turn are each connected 
to three rows of one bank of the third uniselector in a random order. 

To obtain the next digit in the sequence, uniselectors 1 and 2 are 
stepped and uniselector 3 is stepped only if the last digit is a one. 
Uniselectors 2 and 3 skip over their blank levels. 

The operation of this mechanism has defied all attempts at theoretical 
analysis of its behaviour, but has been found in practice to generate a 
sequence of digits that pass all the classical tests for randomness. 

An indication of the length of cycle obtainable can be obtained as 

follows. 

If the contacts of the first uniselector are numbered in any conven¬ 
tional way, the number of the contact connected to the output is defined 
by the levels r, 5 , t of the three uniselectors and so the presence or 
absence of earth can be represented by a function u(r, s, t ), taking values 
0 or 1 according to the earth condition of the connected contact. 

Now denoting nth values by a sub-script, we have 

r H+ i = (/•„+1) mod 25 
s a+ i = (s„+1) mod 23 
t n+ 1 = (^, + w «) mod 24 

Assuming r, 5 , t start at zero, the cycle length is given by the least n 
for which 

r„ = s n - t n - 0 
i.c. n = 0 mod 25 

n = 0 mod 23 i.e. n = 0 mod 575 

n- 1 

U„ = £ u r = 0 mod 24 

r=0 

Now assume the mechanism is perfect; then 'Lu r is a binomial variable 
with probability p and index n. 
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The distribution U n will be approximately uniform and thus the 
probability that the cycle is of length 575m is 

p(m) =_L(23)»- 1 

J 24 V 24 y 

and the expected cycle length is 24 x 575 = 13,800. 

As this crude theory predicts, the cycle length does depend on the 
starting position. The theory, of course, breaks down as the distribution 
of U n cannot be of the form assumed since there is a limited amount of 
variability in the machine represented by the initial wiring. 

In practice, the contacts on uniselector 1 are divided into 20 groups 
of 10 randomly disposed, and r of these are earthed if the probability 
of a one is required as 5r%. Switches associated with each machine and 
with the arrival point are used to determine the groups used for each 
type of event and are chosen differently for each type. 

Thus the stepping of uniselector 3 depends on the last use made of 
the mechanism. This further complication seems to lengthen the cycle 
although the crude analysis alone would not predict this. 



CHAPTER 6 


PSEUDO-RANDOM NUMBERS 

As the complexity of the sampling experiments performed increases, 
the possibility of computing errors increases. To repeat the calculations 
will require the random numbers used in the initial calculation to be 
available for the check calculation. Using tables of numbers and manual 
methods of calculation, this is possible, but tedious. 

If automatic calculation is used, the storage of the large volume of 
random numbers used becomes a serious problem. It is this storage 
problem that has led to the abandonment of the use of tables of ran¬ 
dom numbers in computers. The use of the physical generators des¬ 
cribed in the last chapter will not eliminate this storage problem if 
check calculations are required. 

We shall see later that the ability to repeat the sequence of the random 
numbers has valuable advantages in increasing the accuracy of sampling 
experiments. 

Thus the need arises for a process that will generate a ‘random 
number sequence’ which will be reproducible. This is clearly a complete 
contradiction of the meaning of a random sequence. The reproduci¬ 
bility of the sequence implies the possibility of prediction of the sequence 
and constitutes the proof of its non-randomness. 

However, the advantages of reproducibility demand an investigation 
if it is possible to obtain approximately random sequences by a deter¬ 
ministic process. In principle it should be possible to define certain 
criteria required of a sequence that is to be used as a random sequence 
and then construct a process that will satisfy the criteria. Such a 
sequence is called pseudo-random. 

An obvious criterion required is that each element of the sequence is 
bounded and that all possible values within the bounds will appear 
equally often in the sequence. This is clearly insufficient since the 
sequence 

1, 2, 3, ..., n 1, 2, 3, ..., n 1, 2, ... ,n 
satisfies this requirement and yet is clearly not random. 
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A second criterion required might be that the serial correlation of 
consecutive elements in the sequence is zero. However, the sequence 

1,2,3, ...,2« 1,2/7, 2, 2/2-1, 3, 2/7-2, 

n + 1, 1, 2, 3, ..., 2/2, ... 

will have this property for large n and yet it is clearly not random. 

We may extend the requirements by demanding higher and higher 
serial correlations to be zero or more strongly that longer and longer 
sequences are equally likely. 

Again, this will not prevent an obviously non-random sequence being 
accepted as pseudo-random. The sequence 

1,2,2, 3, 3,1,3, 2, 1, 1,2,2, 3, 3,2, 3, 2, 1, ... 

contains each of the 9 possible ordered pairs (1, 1), (1, 2), (1, 3), (2,1), 
(2, 2), (2, 3), (3, 1), (3, 2), (3, 3) equally often but is clearly cyclic. 

All deterministic rules for forming a sequence of bounded numbers 
will in fact be cyclic and the essential problem is to produce a sufficiently 
long cycle. 

The first attempts to generate pseudo-random sequences were based 
on arbitrary rules and the properties of the resulting sequences could 
not be predicted theoretically. The value of a rule was determined by 
applying the standard tests for random numbers to the sequences 
obtained. 

6.1 The Mid-square Technique 

This was first introduced by Von Neumann. A //-digit number x 0 
is squared and from the resulting 2 p digits the mid digits are taken as x t . 
The number x x is then squared and the process repeated. As an example 
take p — 2 and 

x 0 = 76 then xl = 5776 x i = 77 

The sequence is 

76, 77, 92, 46, 11, 12, 14, 19, 36, 29, ... 

If the radix used is r then there are r 2p possible values of x and conse¬ 
quently the sequence must ultimately repeat some previous value. 
From that point the sequence is repeated—i.c. it is cyclic. In practice, 
the cycle length is considerably less than the theoretical maximum r 2p . 
The length of the cycle is dependent on the starting value x 0 . Certain 
values can lead to a zero term when the cycle length becomes one. 
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These objections are sufficient to condemn this method, but a more 
serious objection is that the sequences obtained do not satisfy the 
primary requirement of a random sequence that any value in the per¬ 
mitted range is equally likely to occur. 

This can be shown as follows. 

The truncation of the digits from the back of x 2 n (in forming x n+1 ) 
is merely to limit the number of digits that are handled and in a theoreti¬ 
cal analysis we merely consider the front truncation. 

Then 

x n+i = r p (x 2 n mod r~ p ) 

Put xl = u r~ p = h m = r p =j x n+l =co 

h 

Then mh = 1 

If u and v have p.d.f.’s p(u ) and Pi(v) and c.d.f.’s P(u) and Pi(v) respec¬ 
tively, then 

pi(co) = h\_p(a)) +p ((0 + h) + p(co + 2 h) + m — lh)~\ 

*(m - 1 )h 

~ p(co + x) dx — P(m + 1 — h) — P(co) (1) 

Jo 

Now if has a uniform distribution, we have 
= » P(u) = s/u 

Pi(«) - K l-h)- t=J- + 

P^u) = u + V n{\! u +0(w)) + 0(/zti) 

Thus x n+ ! has a skew distribution favouring low values of x /J+1 . 

This bias in x n+1 will create a greater bias in x n+2 and will cause a 
continuous degradation of the sequence. 

6.2 The Mid-product Method 

In an attempt to remedy this defect, an extension of the mid-square 
method has been proposed. Two starting values x u x 2 are given and 
their product u is formed. The mid digits of u are used as x 2 . The process 
is now repeated on x 2 , x 3 to form x A and so on. 

The distribution of u (assuming a uniform distribution on (0, 1) for 
and u 2 ) is 


p{u) = log u 
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Applying formula (1) we obtain 

Pi(u) = u—hu log u + 0(hu) 

This process has less bias than the mid-square method and due to 
the need for a pair of terms to repeat for a cycle to restart usually has 
a larger cycle than that method. 

However, these two processes do not now receive much favour 
because of the known bias. Various other transformations followed by 
truncation could be adopted, but all will lead to bias. Within the 
approximation of (1) we require to determine a transformation f(x„) 
of x n so that x n + j given by 

« = /(*„) 

x„+i = r p (u mod r~ p ) 

will have a uniform distribution. 

Within the limits of the approximation (1) this implies 

P{co +1 — /?) — P(co) = A 

for a suitable range of w and some constant A. 

Over this range P(co) = a + fia) for suitable a and /? and hence 

Piu) = p 

Thus the distribution of u is uniform and so the only permissible trans¬ 
formation is 

fix) — kx+l ( k , / constants) 

The case / = 0 has been suggested for completely different reasons by 
Lehmer. 

6.3 The Lehmer Congruence Method 

Once it is recognised that a pseudo-random sequence will be cyclic, 
it is possible to require to generate a cycle of maximum possible length. 
In 1949, Lehmer made the suggestion to use the theory of numbers to 
devise such long cyclic sequences. 

The theory of congruences supplies such sequences. Consider an 
integer sequence suggested by the heuristic argument of the last section 

x n+1 = kx„ mod m 

where initially m and k are arbitrary integers. 

Then x n = k n x 0 mod m 
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For the cycle length we require to find the minimum n, for which 

k n = 1 (mod m) (2) 

(assuming ( x 0 , m) — 1) 

Now the Fermat-Euler Theorem states that if ( k , m) = 1 then 


k = 1 (mod m) 


where 0(m) is the number of integers less than and prime to m. If m is 
prime, cp(m ) = m — 1 and then it is apparently possible to achieve a 
sequence of length m— 1. 

However, the theorem does not state that <j6(m) is the smallest integer 
for which (2) is true. It is clear that the smallest integer n with the 
property (2) is a divisor of (fr(m), for otherwise we can write 


Then 


4 >(m) — an + b , 0 < b < n 
k^ m) = k an k b = k b = mod m 


i.e. b satisfies (2) 

in contradiction of the definition of n as the least value with property (2). 

It remains to choose k and m to make n as large as possible. If the 
maximum length cycle can be achieved the starting value ;v 0 will be 
immaterial, and if n cannot be made equal to m~ 1 it is still desirable to 
make the cycle length independent of x 0 . 

However, there is a prior consideration in the choice of m. The opera¬ 
tion of taking a congruence involves a division and it is desirable to 
choose m to make this usually lengthy operation rapid. 

For a number in radix scale r choose an integer p and write 

x = yr p +z — y(r p —l)+y+z 
Then * (mod r p ) — z 

x (mod {r p — 1)) = y+z 

Thus if m takes either of the special values r p ,r p — 1 the division 
merely involves the separation of the digits of the number into two parts 
and at most the addition of the parts. Also since 

x = y(r p +\)+z-y = (y-l)(r p +l) + (r p -y)+z+l 
x (mod (r p + 1)) = z—y z ^ y 

= r p +1 +z—y z < y 
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Thus r" + 1 is also a suitable divisor to eliminate any real work in 
division. 

If m = p a iP 2 2 ... p a h k 

where p u p 2 ... are primes and a l9 a 2 ... are positive integers, then 

= pV'iPi-VpT'iPi-l) • • • pT~\p k ~ 1)... (3) 

With most computers working in the binary scale, r = 2 and we are 
interested in 0(2"), 0(2"-1) and 0(2" +1). From (3) it follows that 
0(2") — 2" _1 . ' .* 

It is possible to show that in fact for in — 2" the maximum cycle is 
of length 2" 2 and the only value of k giving this cycle must satisfy the 
conditions 

k = +3 mod 8 
x 0 odd 

A suitable choice of k is an odd power of 5 since 

5 2, + l = (l+4) 2,+ 1 s (1 +(2q +1).4) mod 8 = -3 mod 8 

In this case, p should be chosen as large as possible and hence equal to 
the number of digits in the number stored. After multiplication by k 
the least significant p digits of the double length product are used as 

*^n + 1* 

Values for this scheme which have been quoted in the literature are 

k = 5 13 p — 36, 39 

/c = 5 17 p = 40, 42, 43 

For decimal machines we are concerned with 

0(10") = 0(5")0( 2") = 2" +1 5" -1 

There is little in the literature concerning the theory for this scheme 
but the following values have been used 

k = 7 p = 10 

= 7 4fl+1 p = 11 a ^0 

= 3 19 p — 20 

The case m = 2"-1 is more complex. The longest cycle will be given 
when p is chosen so that 2"-1 is a prime when the cycle length is 2"-2. 
Now 2"- 1 is prime only if p is prime since 

(x pq - 1) = (x p -l){x**- l) + x Piq - 2 K.. + 1 } 
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The numbers 2 P -1 for prime p are known as Mersenne numbers and 
it has been established that the only prime Mersenne numbers are 
given by 

p = 2,3, 5,7, 13, 17, 19,31,61 ... 

Thus for this case longer cycles may be achieved by using a value of p 
less than the word length. The practical values of p used are 19 and 31 
giving cycle lengths of 524, 286 and 147, 483, 646 respectively. 

In the case of m = 2 P -1, the choice of a suitable value for k is not 
amenable to a complete analytic solution. A process of trial and error 
for small k is usually used. Any power of such a k can also be used 
providing it is prime to the period m— 1; also a value congruent mod m 
to such a power will also give the maximum period. 

The commonest combination is that given by p — 31, m — 2 31 —1, 
k = 13 13 = 455,470,314 mod (2 31 -1). 

x a+1 = 455,470,3 14a,, mod (2 31 -1) 

Any value in the range 1 ^ x 0 ^ 2,147,483,646 may be used for 
starting the sequence. 

This sequence is usually the best for fixed-point binary machines. 

The case m = 2 P + 1 is not usually so satisfactory. This is only prime 
if p — 2 q for some integer q . The numbers 2 iq +1 are known as Fermat’s 
numbers and the first four, 5, 17, 257, 65,537, are the only known prime 
values in the sequence in spite of investigation at least as far as q - 73. 

Thus composite m must be used and the one useful case is given by 
p = 29. 

m — 2 29 + 1 — 3, 033, 168 

and k = 7 11 = 366,714,004 

x H+1 = 366,714,004*,, mod (2 29 + l) 

This is useful in a floating machine (such as the Ferranti Mercury) 
where the mantissa is restricted to about 30 binary digits. 

An alternative sequence sometimes used is 
p = 35 

m = 2 35 + l (j)(m) = 1, 034, 040 
k — 23 

x„+i = 23x n mod (2 35 + l) 

For decimal machines, values recommended are 

p = 8 m = 10 s +1 4)(m) = 5, 882, 352 

k — 23 
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The heuristic argument of the last section suggests that the most 
general transformation that would give a usable cycle is 

*, I+1 = (kx n + /) (mod m) 

If / / 0, it is possible for the sequence to include the value zero, and a 
cycle of length m is possible. 

If m — 2 P a cycle of length 2 P ~ 1 can be produced by the recursions 


+ i = (4 k+ l)x„ + k (mod 2 P ) 
and x, J + 1 = (4k +1 )x n + 3/c (mod 2 P ) 


provided k is odd. 

These schemes all have the property that each of the permitted 
numbers appears once and once only in each cycle. This however does 
not indicate how the values are distributed in the cycle. The choice of a 
large value for k is to prevent a small value of being followed by the 
small values kx ni k 2 x n .... A large value of k causes kx n to exceed m 
and so x n+l is not necessarily small. 

Some indication of the distribution of the values in the sequence is 
given by the serial correlation of the sequence. If the parameters k and / 
are chosen so that the cycle is of full length m, it is possible to estimate 
this. 


(m - 1 


i fm-\ \ 2") / (m- 1 



Now 


m— 1 m — 1 



m — 1 m — 1 



r — im(m— 1) 

r 2 ~ Jm(w — l)(2m~l) 


since the sequence {x r } is merely a rearrangement of the sequence 
0, 1 , ... , m - 1 . 

m— 1 

It remains to evaluate x„x„ +1 

n = 0 

Put kx„ + / = q„m + r„ 

where 0 g /„ < m 

Then we have x n+1 = r n 

lZ\ n (kx l} -\-1 = k^lx n T /Sx rt 

Thus the problem reduces to evaluating I x n q n . 



Now if q„ = s then x n satisfies the inequality. 

0 <> kx+l—sm < m 

sm-l . ^ sm-l+m 

-< x <--- 


i.e. there are approximately y(=p say) consecutive values of x for 

K 

each 5 . The possible values of i 1 are 0,1, ..., k. The highest value k 
only occurs once at the end of the cycle. Neglecting this we have 


k -1 1*-1 *-* , 

Ixq^ l s I (sii + O-U* I 3 + 

s = 0 t = 0 s==0 




— I S 

2 s=o 


From this an approximation to p can be found, neglecting terms in as 


p(x n , x n+1 ) = - 


_ 6 /_ 

km 


This is only valid for small L . . _ 

A more accurate formula involves the least positive residues r q or 

the numbers l-qm. 

k 

Let S= X >\ t q 

Q-0 



^ k 





Greenberger, who is responsible for the later formula, has developed 
techniques for determining S for any given generator and, for example, 
has shown that for m = 2 35 , k = 2 34 + U = 1- P = i- This shows 
that the generation of a long cycle is no guarantee that the sequence 
will be suitable as a generator. 

Another example quoted by Greenberger is more satisfactory. Again 
33 k = 2 18 + 1 /= 1 P< 2" 18 


m — 2 
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The analysis will also give higher serial correlations by noting that 
x n+m is given by 



W n ~\)f 
(k~ 1) _ 


mod m 


If this generator also gives a complete cycle, then the formula can be 
applied with k replaced by k' n and / by 

k- 1 

This interesting development has not yet been extended to cases in 
which a full cycle is not generated. 

However, even if the correlational properties of the sequences are 
satisfactory, the main objection to them for sampling purposes is that 
once a value has occurred in the sequence, it cannot occur again in the 
present sampling experiment. This denies the principle of independence 
of the items in the sample drawn. 

In practice, this is readily overcome by truncating each number in 
the sequence, removing, say, the last 7 digits. Now a truncated value 
can occur exactly 128 times in a cycle and the number of times it will 
appear in a short stretch of the cycle will vary. The appearance of 
independence has been restored. 


6.4 Second-order Recurrence Processes 

The mid-product method produces a larger cycle than the mid square 
in general, and this raises the question if a second order process 

x n+i = f(x n , x„- 1 ) mod m 

will produce a longer sequence. The simplest possibility is 

f{x n > X n— l) ^ X n "h - 1 

*«+i = C*« + *„-i) (mod m) 

Any sequence defined by 


x «+i — X n + X n-l 

is known as a Fibonacci sequence and has many interesting properties. 
The most well-known sequence is given by * 0 = Xl = 1 and is given by 
the formula 



u, 
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The general sequence is 

x n = U n _ !X 0 -F u n X\ 

The cycle length is given by the least n satisfying 

+ = 0 mod m 

u„x 0 + (M„ +1 -l)x 0 = Omod/M 

which reduces to 

u„ 2 -(«»+, - 1 1) = 0 mod m 

since at least one of x 2 , x x is non-zero. 

Now it can be shown that 

= (-iy -1 

and the condition reduces to 

v n = 2u„_ 1 + «„ S (-1)" -1 -1 (mod m) 

Now for odd n 

2 m ~ i v„ = 2[(1 + V5r + (1-V5) m ] = 1+’"C 2 5 + ’"C 4 5 2 ... 

ee 1 mod m 

since m C r s 0 mod m . 

By the Euler-Fermat theorem, if p is prime, 2 P = 1 mod p and thus 

for prime p the condition becomes 

v p E= 1 mod p 

For m an odd prime, the maximum cycle of length m cannot be 
achieved. The complete theory involves the theory of primitive roots of 
congruence equations which is beyond the scope of this book. 

The additive congruence method has not found much favour. 
However, Page has pointed out that since 



X„ behaves like the solution of x n+i = Ax n , i.e. asymptotically the 
method behaves like the multiplicative congruence method with an 
irrational choice of constant multiplier. 
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If the pseudo-random numbers are used as a source of random digits 
rather than as approximations to uniform random variables some care 
is necessary. If congruences are taken with respect to 2 m , clearly defined 
patterns are created in the trailing digits. 

For the multiplication congruence method 

x n+1 — kx„ mod 2 m 

y n+1 = x n+1 mod 8 = ly n mod 8 where / = k mod 8 

For a long cycle / = ±3 x 0 = 1 mod 2 

l 2 = 1 

Thus the last three binary digits can only take two values, y 0 and 
3y 0 (mod 8) or y 0 and 5y 0 (mod 8), i.e. two digits have fixed values and 
the other alternates from term to term. 

By taking congruence to 2 P a more general result can be obtained. 
Put k f = k mod 2 P . Let a be least positive solution of 

k'a = 1 mod 2 P , y n = x n mod 2 P , y n+1 — k!y n mod 2 P 

The only values of y n are y 0 , k'y 0 , k' 2 y 0 , ..., k fa y 0 . Thus the last p 
digits are cyclic of order 2 P_1 . 

Similarly with the additive congruence method if y„ = x„ mod 2 P 
y n+ 1 = (y n +y n -i)mod2 p 

and y n+l will be cyclic of period at most 2 P . We have shown that for 
odd prime p the period will be less than 2 P . 

If congruences are taken to an odd modulus this phenomenon largely 
disappears as the congruences to the composite modulus 2 p m will give 
a more complex structure. 

However, the last digit in the multiplicative process will be alternately 
odd and even if k is odd and in the additive process it is cyclic of period 
three (even, even, odd). 

If random digits are required from such pseudo-random numbers a 
‘purifying’ process such as the rejection technique described in the 
chapter on physical random generation is advised. 

6.5 Tests on Pseudo-random Numbers 

In spite of the doubts expressed in many quarters of the validity of 
these numbers as a source of randomness, there are surprisingly few 
published accounts of the results of applying the standard tests to 
numbers generated in this way. 
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The first of these, by Johnson, concerned the multiplicative con¬ 
gruence method with 

k = 23 m = 2 35 +1 * 0 = 10, 987, 054, 321 

A sample of 112,000 35-bit numbers were paired and the resulting 
70-bit numbers divided into 7 10-bit numbers. The resulting 392,000 
numbers were divided into 28 blocks of 14,000 numbers and each block 
subjected to three tests: 

(i) the distribution of 1,024 distinct numbers against the theoretical 
uniform distribution; 

(ii) the number of l’s in the 140,000 digits; 

(iii) the poker test. 

The resulting x 2 for each block were then tested by a x 2 test for 
agreement with the theoretical x 2 distribution. On all three tests, the 
sample passed this composite test. 

Thus the evidence of this experiment is that this particular sample 
behaved under test similarly to real random numbers. 

A similar investigation has been made for the multiplicative con¬ 
gruence method k = 13 13 , m = 2 31 -1. No details have been published 
but the conclusion was the same as in the preceding case. 

The third account, by Davis and Rabinowitz, concerned the use of 
random numbers to pick a random point in an ^-dimensional cube. 

The test used was that the correct proportion of such points lay inside 
the inscribed ^-dimensional sphere. 

Three methods of generating pseudo-random numbers were used : 

(i) the multiplicative method, 

k — 5 17 m = 2 42 x 0 = 1 

(ii) the additive method, m = 2 44 , x 0 = 0, at = 1, selecting every 
other value generated; 

(iii) the same method, skipping 1, 2 and 3 terms depending upon 
whether the last hexi-decimal digit of the last number selected 
was 1, 2 or 3 (mod 3). 

Starting values x 0 = [2 42 .7i] a x = 5 17 

The conclusions of this test are that methods (i) and (iii) are satis¬ 
factory, but not method (ii). 


CHAPTER 7 


ELEMENTARY SAMPLING EXPERIMENTS 

The original sampling experiments, conducted by the early stati¬ 
sticians such as ‘Student’, Galton, Karl Pearson and others of his school, 
were concerned with determining the form of the distribution of 
statistics. The object of these studies was to determine the amount 
and form of variability that some estimate of a parameter of a basic 
distribution would have in repeated sampling. With this knowledge, 
it was possible to make statements concerning the likeliness that a 
particular sample obtained from some experiment could have arisen 
from some hypothetical distribution. 

As an illustration of this process, consider an estimate for the mean 
of a normal distribution, given the sample of the n values of such a 
distribution. What estimate of the mean should be used, and how will 
it be distributed in repeated samples of n ? In fact, as is well known, the 
average of the sample values is the best possible estimate of the mean 
and its distribution can be shown by analytic methods to be normal. 
If the standard deviation of the original distribution is a then that of 
a 

the mean is ~j=-. 

yjn 

Now suppose the particular sample of say 16 values from such a 
normal distribution has an average of 1-29 and it is known that the 
standard deviation is 2*0. The standard deviation distribution of the 
mean of repeated samples of 16 values will be 0*5. If we require to test 
if the original distribution has a zero mean, we ask if it is likely that 
such an extreme value as 1-29 could arise from a normal distribution 
of mean zero and standard deviation 0*5. Consulting tables of the normal 
probability interval we find that 

Pr(\x\ ^ L29) = 0 01 (1) 

i.e. only once in a hundred samples will a value as extreme as this from 
the expected occur. 

The assumption of a zero mean is unlikely. It is not, of course, dis¬ 
prove^ but in any situation in which indefinitely large departures from 
the expected values can occur, no hypothesis will be proved or dis- 
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proved, but will only be shown to be likely or unlikely on the evidence 
of the sample given. 

It was arguments of this kind that led to the modern theory of signifi¬ 
cance testing, then the Neyman-Pearson theory of hypothesis testing, 
and in modern times to statistical decision function theory. 

The simple example above made an assumption unlikely to be realised 
in practice: a question is asked about the mean of a distribution when 
its standard deviation, the measure of spread, is assumed known. 
What if the spread is also unknown ? This will also have to be estimated 
from the data. A natural estimate for the expected mean square devia¬ 
tion will be a sample mean of the squares of the deviations from the 
sample mean. In symbols, if the sample values are 

* 3 , 

then 

- 1 v 

x = - L x i 

«,•= i 


s 2 = l i (x,-x) 2 

«l= 1 

In practice, it is easier to deal with ns 2 rather than s. Tt is possible to 
obtain the theoretical distribution of the former quantity by mathe¬ 
matical analysis. This is the well-known x 2 distribution and its degrees 
of freedom are n— 1. Thus we have 

E{ns 2 ) — (, n—l)a 2 

and so an unbiased estimate of o 2 is given by ns 2 /(n— 1). 

Now if a given sample of 16 values from a normal distribution of 
unknown mean and standard deviation has a mean of value 1-29 an 
estimate of c is required before the probability statement (1) can 
be made, but this estimate is liable to error. The result of substituting 
a wrong value of a will lead to a false value of the probability and to a 
false conclusion. How is this dilemma to be resolved? 

In 1908, ‘Student’ recognised that the correct approach to this prob¬ 
lem is to form a statistic 


x-ju 

x = ~r 

V ns 


( 2 ) 


and to determine its sampling distribution. He actually derived the 
analytic expression for this distribution and this achievement is often 
regarded as the foundation step of modern mathematical statistics. 
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Whether, from doubt of the validity of this argument, or for the pur¬ 
poses of convincing the readers of his result, he also established the 
distribution by a sampling experiment. Since the number of samples 
that can be drawn will be limited by time and energy, the resulting 
theoretical distribution cannot be reproduced exactly. In practice, a 
histogram is found, and the shape of this histogram is compared with 
the theoretical distribution. Suppose we are concerned with a sample 
size of 16, then samples of 16 observations from a normal distribution 
of mean zero and standard deviation 1 are drawn. From these, the 
statistic t given by (2) is calculated. This is repeated, say, 500 times and 
the resulting 500 values of t are formed into a histogram. The choice 
of the number of class intervals and their width can be chosen for the 
histogram by inspection of the resulting values of t. The results of such 
an experiment are given in Table 8. 


Table 8 


t 

/ 

t 

/ 

00- 

37 



0*2- 

36 

-0*2 

39 

0*4- 

40 

-0*4 

41 

0*6- 

24 

-0*6 

32 

0*8- 

28 

-0*8 

39 

10- 

25 

-10 

19 

1*2- 

12 

-1*2 

17 

1-4- 

19 

-1*4 

14 

T6- 

10 

-1*6 

8 

1*8- 

7 

-1-8 

11 

20- 

9 

—2*0 

3 

2*2- 

5 

-2*2 

8 

2*4- 

3 

-2*4 

3 

2*6- 

1 

-2*6 

5 

2*8- 

2 

-2*8 

3 


If the resulting histogram appears to be too ragged, then the choice lies 
between choosing wider class intervals, thereby sacrificing definition 
of the distribution or taking further samples. It is very desirable to have 
some objective method of obtaining an estimate of the sample size 
required before the sampling starts. This must be chosen to give a 
prescribed accuracy to the estimates of some frequency class. Supposing 
the true probability of falling in a particular class has a value p. Then 
given sample size n , the number of sample values falling in this class 
will have a binomial distribution of mean np and variance npq. If n is 
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large enough, as it will usually be in practical experiments, the distribu¬ 
tion may be approximated by a normal distribution and thus the 
probability of any arbitrary number falling in the cell can be easily deter¬ 
mined. However, it is not the distribution of the absolute number of 
elements falling in the cell that is required, but the accuracy in which 
the class frequency can be estimated. The relative error in estimating 
the class frequency is given by ( x—np)fnp where x is the number appear¬ 
ing in the class. This has an approximately normal distribution with 
mean zero and standard deviation \Jqjnp. Thus to find the probability 
P of maintaining a given level of accuracy a we have to determine n 
from the equation 

P = Prob (\ X -^P g oA 

Vi n P ) 

1 (* ka 

= _LJ dt = $(/ca) 

-Jin) -ka 

where /c = 

This can be written in the form 

k = = K say 

a 

or n = (3) 

P 

This is shown for suitable values of K in Figure 13 and illustrates that 
the smaller the class frequency we try to estimate the less accurate is 
our estimate. The sample size n should be chosen to give the required 
accuracy on the smallest cell frequency required. In practice, the situa¬ 
tion is more complex because several cell frequencies are being simul¬ 
taneously estimated and excesses in one cell over expectation must be 
balanced by deficits in other cells. 

Given a sample distribution, it is natural to test a hypothesis that this 
sample has arisen from some hypothetical distribution. In Student’s 
case, for example, his theoretical distribution, given by 
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where u is the degrees of freedom, would be the natural hypothesis. 
From this distribution the cell frequencies are calculated by quadrature 
and a comparison made by a % 2 test. 

7.1 Bivariate Distributions 

In a similar way bivariate and even multivariate distributions may be 
sampled. No new principle is involved here but two or more statistics 
for each sample are calculated and the bivariate histogram developed. 

In the same way, the sample size required for any given accuracy is 
determined by a similar calculation. However, the marginal distribution 
of each of the component statistics will also be of interest and must be 
reasonably well defined. It thus follows that the individual cell fre¬ 
quencies of the bivariate distribution are very much smaller than that 
for the corresponding marginal distribution. This implies that the total 
sample size required is very much larger in this case. Roughly the total 
number of cells required in the bivariate case is the square of that for 
the univariate case. In practice the resulting distributions obtained from 
such bivariate sampling experiments are too crude to give significant 
conclusions. 

However, bivariate distributions are of great value in the more 
efficient estimation of irregular distributions. 

7.2 Improving the Accuracy of Estimation of Sampling Distributions 

In many of the situations, there are alternative statistics that may 
be used to estimate the parameter and in investigating by sampling 
experiments the distribution of one of these, it is a simple matter to 
calculate the other statistic at the same time. If both of these are 
useful estimators, we are likely, in successive samples, to obtain similar 
values from these estimates, i.e. these estimates are correlated. It is 
thus possible with very little extra work to obtain a bivariate distribution 
of two correlated statistics. 

Now suppose that the marginal distribution of one of these statistics 
is known theoretically, then there must be some evidence concealed in 
departures of the actual sample distribution from the theoretical, and 
it should be possible to correct the sample values to take account of the 
deviations and thus improve the accuracy of the estimation of the 
sampling distribution of the first statistic. This technique was developed 
by Fieller and Hartley, and is illustrated in their paper by the joint 
distribution of the range and the sample standard deviation from inde¬ 
pendent samples from the normal distribution. 
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We sub-divide the range for the two statistics x and y, say, into 
intervals and denote the number in a sample falling in the zth y-category 
and the y'th ^-category by n u . The probability associated with this cell 
is denoted by p u . The marginal frequencies are given by 

! »y P j = I.P:j 

i i 

n t=Y n ij Pi-=Y,Ptj 

J J 

n = I”,- = !»•/ 

Also Ip,- =I>, = i 

i j 

The conditional probability of a sample falling in the cell (/, /) given 
that it falls in the columny is pijp-j , and is estimated by n^n.}. 


Now Pij = p, j~— and 

P’j 

and so an estimate of p t . is 


Pi • 


=I Pu = s p 



p , = i ?• 



when p.j is known. 

Unfortunately if n.j is zero, so must n u be, and the ratio is ill defined. 
In this case the estimate 


is used. 

The complete estimating procedure can be summed up in the equation 

Pi = Zp.jUij 


where 


n. 



n . j > 0 

n.j — 0 


This formula leads to a slight bias in since the expected value of u u 
is biased. In fact, it can be shown that 


£(«<;) = PijlP-j+(l-P-j)" ‘(p,-. -Pijlp.j) 
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Hence 

£(Pi ■) = p, ■ - £( i - p . ,y Vp , 7 - Pi ■ p ■ i ) 

The bias 

In 

j 

~ V (Py-Pi-P-i) e -n p ., „ y e - m p., 
j 1 “ p • j j 

This can be made negligible if the sample size n and cell boundaries 
are chosen so that np.j ^ 8 (say). This can be achieved in advance of 
sampling since p.j are known. 

The advantage of this formula is, of course, a reduced variance of 
This, by some tedious algebra, can be shown to be given by 

V(p f .) ~ )/»-]£ ( Pij~Pi-p.j) 2 /np . 

j 

+1 Pi A 1 - P • j)( 1 “ Pij/P • j)in 2 p -j + X (1 - p. j)"' 2 (P U - P,. p. j) 2 
3 * 

The last term of the expression may be ignored as it is of the same order 
of magnitude as the bias. The third term can be ignored relative to the 
second for large n. The first item is the ordinary binomial variance and 
the second represents the main variance reduction. 

If x and y are independent then, by definition, p tj =,p i .p. j and the 
variance reduction is identically zero. At the other extreme of complete 
dependence where p if = S^p^ = then the estimate p t has zero 
variance. In the intermediate cases, if x and y are highly correlated, 
there will be a considerable reduction in the variance of p t . 

We illustrate this procedure with the estimation of the distribution 
of a median of a sample of three items from a normal population, using 
the known distribution of the mean as a control variable. 

The table on page 92 gives the result for 819 samples of 3 and 
tabulates the crude and adjusted cell frequencies and the true values 
taken from tables. 




CHAPTER 8 


FLOW DIAGRAMS 

The description of sampling procedures in ordinary English is rather 
word-consuming, and it is desirable to develop an abbreviated language 
for these descriptions. Further, since for large-scale sampling experi¬ 
ments computers are almost a necessity, it is desirable to develop a 
language that is suitable for describing the problem for a programmer. 

This is achieved by the flow diagram. There are several conventions 
used for these diagrams, which describe the successive steps of the calcula¬ 
tion, and we shall adopt the system involving minimal conventions and 
as general as possible and not oriented towards any particular computer. 

The success of the automatic computer hinges on the fact that all 
extensive calculations can be described as repetitions of cycles of 
comparatively short calculations. Thus, each order in the programme is 
used many times over. If the programme had to consist of a string of 
orders obeyed serially, the time to transcribe the orders might easily 
exceed that necessary to do the calculation by hand. Such cycles of 
orders must not be repeated indefinitely, and so the order code of all 
machines contains orders that allow tests to be made on the quantities 
produced by the calculation, and as a result of the tests, the order of 
execution of the orders may be determined. 

Thus the programme consists of blocks of orders which effect the 
calculations required, each terminated by a test (or tests) which directs 
the computer to the appropriate next block. 

We shall use a rectangular block to represent the calculating orders 
and will write a brief description of the calculation in the block. The 
test at the end of each block will be written in an oval and branches 
from the circle will indicate the possible blocks of programme next 
executed and the conditions necessary to follow each route. 

Thus to print the 100 means, each from a sample of 5, from a normal 
distribution, the flow diagram would appear as in Figure 14 (a) on page 95. 

Usually, but not universally, the choice of routes at each branch 
point is limited to two, and in this case the route followed when the test 
named is satisfied is marked with a 0 and the route followed on failure 
with a X. 
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Figure 14 (a) 

The description in the calculating block can be shortened when it is 
recognised that the numbers involved are stored in registers during 
and after the calculation. If these registers are given letters as names, 
the calculation can often be conveniently described by specifying the 
contents of the register at the conclusion of the calculation. 

It is also advantageous to distinguish between variables and indices. 
The latter are typically counters and marks to help specify the course 
of the calculation. Indices are denoted by lower-case letters and vari¬ 
ables by capitals. Similar quantities are denoted by the same letter and 
distinguished by numerical suffices. In this convention the previous 
flow diagram becomes: 



Figure 14 (b) 

Alternatively we could set m and n initially to zero, count up and test 
for m — 5 and n = 100. The way displayed is more convenient as most 
computers can make the test for a zero value immediately. Whichever 
convention is adopted, the direction of count is obvious. Often the count 
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is immediately followed by a test. In these cases, the abbreviation *ct nC 
will be used for both the count and the test. 

When the calculation is set out in this abbreviated notation, it is 
often easier to see possibilities of improvement. In the example, the pair 
of operations X' = 0 m' = 5 occur twice and this enables the procedure 

to be modified to: 



Figure 15 


It is not always necessary to specify each process in full in one flow 
diagram. In the example of the last chapter used to illustrate the use 
of the mean as a control variable, the determination of the median in 
terms of elementary operations is quite difficult. However, the main flow 
diagram can dismiss this by a single statement. 



Several additional notational points are raised by this example. The 
suffix on the variable Z is an index adjusted by the programme. The 
frequencies being collected are indexed by p determined by the variables 
X, 7, which involves a further calculation. 

The calculation ‘7' = median of Z 0 , Zi,Z 2 ’ has its own sub-flow 
diagram as shown in Figure 17 on page 97. 

The reader may find it of interest to examine the case when two or 

more Z’s are equal. 

For large sample sizes, this simple technique would involve an inter¬ 
minable number of different tests and a more systematic method is 
required. 
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Figure 17 


Consider the case of an odd sample size 2 m+l. Then there are m 
sample values greater than or equal to the median value. A method 
would be to try each value in turn until one satisfying this condition is 
found. This has two disadvantages: if the sample contains several 
equal medial values difficulties arise; information from former trials is 
wasted in later trials. The first disadvantage is avoided if both the 
number of sample values greater than the trial one, and the number less 
than it are counted. Both these counts must be less than or equal to m 
for the median. 

Trials can be avoided if bounds on the median are adjusted after each 
trial and values outside the bounds abandoned. 

The flow diagram to describe this is as follows: 



Figure 18 


The value m is underlined, where mentioned in the diagram, to distin¬ 
guish it from the register m or its contents. 
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The box 'ALARM’ illustrates another feature and advantage of this 
approach. It makes it easier to incorporate tests for errors. In this case, 
the adjustment of the count on m is automatically followed by a test 
and its success clearly means an error, since it is now not possible to 
find the median. Without the test, the error would have continued to 
search over non-existent sample values to find the median. 

To illustrate the working of this cyclic method, consider the sample 
of 9 values (m = 4) 

m 0 12345678 

Z m 7 13 5 5 9 9 8 5 8 

Rank 6 17722474 

The values of m 9 Z,„, u, v, X , Y on each successive trial are tabulated 
below 

m Z m u v X Y 
initially 0 — 0 0 — co oo 

0 7 5 3 7 oo 

1 13 0 8 7 13 

4 9 1 6 7 9 

6 8 3 4 8 8 

Similarly, a sub-flow diagram for the adjustment of the cell fre¬ 
quencies and the marginal frequencies is required. All computers have 
a linear ordering of their registers and the required two-dimensional 
ordering must be converted to a one-dimensional one. Suppose the array 
is N x M, then the (/, /)th cell frequency is stored in the 

pth = ((/— l)N +j)th 

register of a group reserved for that purpose. Denote these registers by 
U p . Denote the registers holding the marginal frequencies by V t and Wj 
where i and j are the cell labels with upper values / and J and suppose 
the common cell widths are a and b respectively, then the cell counting 
is merely 

i' — Xja (unrounded division) 

i' = min (/, I) 

j'=Y/b (unrounded division) 

j' = min (j, J) 
p' = (*-i)N+; 

W p =u p +1 
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Store the theoretical marginal frequencies for the mean in registers L t . 
Then the flow diagram for the adjusting process will be: 



Figure 19 

Although this flow diagram procedure may seem rather cumbersome, 
it is an essential step in preparing a computer programme and even if 
the calculation is to be done by hand, it ensures that the detail of the 
calculation is understood before a computing schedule is drawn up. 
For the automatic computer, every contingency must be considered, 
and this also saves time on manual calculation when an unusual situa¬ 
tion arises. 

These diagrams will be used extensively in later chapters, but generally 
the detailed sub-flow will be omitted. 

The second stage of cementing these diagrams into computer pro¬ 
grammes or of drawing up computing schedules will depend upon the 
equipment being used and will not be considered further. 







CHAPTER 9 


ESTIMATION 

An earlier chapter has dealt with the problem of determining a 
distribution by a sampling process. Often, the aim of the experiment is 
less ambitious and only the mean (and perhaps the standard deviation) 
is required. A classic example of this arises in the use of range as a 
measure of dispersion. The range is clearly a monotonic increasing 
function of the sample size as increasing the sample size increases the 
probability of obtaining at least one large deviation from the mean; 
what is the functional relationship between the mean range and the 
sample size? 



Zp=SAMPLE 
P'= P+1 


W'=Range Z p 

x'=x+yv__ 


X' =X/n 
Print X 
Print m 


[FINISH! 


Figure 20 
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In fact, this relationship is known analytically, but several object 
lessons can be learned from an attempt to evaluate this relationship by 
sampling. The first crude method would simply consist of drawing 
many samples of size n, evaluating the range for each, and use their 
average as an estimate for the graph of expected range against sample 
size. This would be repeated for various n. A flow diagram of this 
process would be as shown in Figure 20 on page 100. 

The calculation of the range follows a similar scheme to that proposed 
for the calculation of the median. 

It now becomes clear that 
this process can be combined 
with the sampling process and 
thus elimina te the storage of the 
sample values. Maximum and 
minimum values are adjusted 
aftereach sample. This raises the 
possibility of using the partially 
complete sample for one value 
of n to give an estimate of range 
from a smaller sample. Such Figure 21 

estimates will be positively correlated with each other, but this will 
ensure that differences between mean ranges for different sample sizes 
are estimated with greater precision. The amount of sampling required 
is reduced to that for the largest sample size to be investigated. 

A little care is needed with the initial conditions since a sample of one 
cannot give a range. An outline of the calculation is given in Figure 22 
on p. 102. 

We now turn to improvements in the sampling procedure. Suppose the 
mean of the distribution being sampled is known to be the value n . If the 
mean of the sample chosen is greater than zero, we will expect a larger 
maximum than in the contrary case. If we were concerned with estimating 
the maximum of the sample, then a more sensitive statistic to use is 
U = max Z p - IZpjn E( U) = £(max Z p ) - fx 

p p 

Our estimate is then U+jx. U has smaller sampling variance than 

max Z p and so greater precision is obtained for a given sample size. 

P 

Similarly F + /ns a better estimate of min Z p where 

p 

V - min Zp-ZZp/n 

p 
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Figure 22 


Unfortunately, the estimate of the range 

U— V = max Z p — min Z p = range Z p — W say 
p p 

eliminates the mean. 

However, we can use this control variate method with some other 
measure of the spread. If the standard deviation of the distribution is 
known to be a we can use the statistic 


W 


p 


/ s(Z ,—zf 

V n -1 


+ GT 


( 1 ) 


as an estimate of the range from each sample where Z = lZ p /n. The 
adjustment to the flow diagram is 

(i) add two instructions U' = 0, V' — 0 to box A 


(ii) replace box B by 
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We may improve on this method by noticing that 


W-k /I^-Z) 2 


n — 1 


■ + ka 


( 2 ) 


is a valid estimate of the range for any k and thus k can be chosen to 
reduce the sampling variance. We require minimal sampling variance 
and so a good choice of k is that which makes the estimated sampling 
variance minimum, i.e. we choose k so that 


: HW-kS-W-kS ) 2 

is minimised. We can use the method of least squares to estimate k. 
This technique will be discussed later on in the chapter. 

It is important to note that any error in this estimate from the 
theoretical optimal will not affect the validity of our estimate (1) but 
merely decreases its efficiency. 

The changes to the flow diagram to use this procedure are left to the 
reader. 

If the distribution being sampled is symmetric, we may make use of 
the sample mean in another way. We have 

E(W) = E(W\Z > n).Pr(Z > n)+E(W\Z g n).Pr{2 g fi) 

If, as usual, there is no lump probability at Z = fi the symmetry of the 
distribution of Z implies that of Z so that 


Pr(Z >ii) = Pr(Z = i 


The procedure is amended to measure Z for each sample and to stratify 
the data into the two classes. If the number of samples for which 
Z < p is n u and the number for which Z ;> p is n 2 (n = n Y +« 2 ) the best 
estimate to use is 



These two variance-reducing methods can be combined by using (3) 
with the statistics (l) or (2). 

If the range is found, as proposed, from the difference of X - min Z 

p 

and Y = max Z p9 a more effective stratification is possible. 
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E( W) = E(W\X > H, Y > p).Pr(X > n,Y> p) 

+ E(W\X g n, Y > p).Pr(X g p, Y > p) 

+ E(W\X g p, Y g n).Pr(X g p, Y g p) 

Now if X > p and Y > p then Z p > p for all p and the probability of 
this is (i) m for sample size m. 

Similarly, 

PK* ^ p, 7 ^ ;0 = Pr(x >p,r> n) = (ir 

and hence P/*(Z ^ p, Y > p) = 1—(i)" 1 1 

If the number of samples in the classes is given by: 

X > p, Y> p n l 
X £ p, Y > p n 2 
X ^ p, Y^ p n 3 

then the best estimate is 


f £ w p 

£ w r ) 



f £ W 


. xsu.v&p ! 

[ + {1-1 

ay” -1 ! 

X 

HA 

V 

l », 

+ »3 J 

“l A 

v 2) ) 

l n 2 ) 


The advantage of this stratification procedure is that the chance varia¬ 
tions of the sample frequencies from their theoretical values are 
eliminated and this reduces the total variability of the resulting estimate. 

The two stratifications can be combined. It is clear that 

Pr(X > p 9 Y > p 9 Z S P) = Pr(X £ p 9 Y £ p 9 Z > p) = 0 
and by symmetry 

Pr(X £p 9 Y>p 9 Z£ p) = Pr(X ^ p 9 Y > p 9 Z > p) = \~{\T 
Then the estimate used is 



If the sampling distribution of an auxiliary correlated statistic is 
known, then stratification with respect to this statistic can be used. For 
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example, the distribution of s 2 is known for a normal distribution so 
that if the expected value of range of a sample from a normal distribu¬ 
tion is under investigation, we may use the formula 

E(W) = lE(W\Sj)P(Sj) 


where Sj is the/th division of the range (0, oo) and P(S,) is the prob¬ 
ability that s 2 falls into Sj. E(W\S } ), the expected value of W subject to 
the sample s 2 falling in S s is estimated by the average of the sample 
IT’s whose associated s 2 do fall in S f . 

In large samples, the numbers falling into the different strata will be 
approximately proportional to the probabilities associated with them. 
The advantage of the stratification is that the chance variability of these 
numbers no longer affects the variability of the estimate. 

However, it is still possible, particularly if a fine stratification is used, 
that a stratum may fail to contain a sample at all. In this case, the 
estimate of conditional expected values is no longer available. 

In the analogous case, when estimating a frequency distribution using 
a control variable, an alternative estimate was used and this led to bias. 
In the case under discussion, a similar expedient can be used substituting 
for the indeterminate values the unconditional average. 

However, this will also bias the estimate, and an alternative procedure 
is desirable. The simplest expedient is to sample until every stratum has 
a representative (and the minimum sample size has been reached). This 
leads to variable sample size and the exact statistical analysis of the 
accuracy of estimate is considerably complicated by this fact. In prac¬ 
tice, for large samples, the probability of a sample size beyond the 
minimum is low and the effect of the variability of sample size is of no 
importance. 

However, it may be more economical in time and energy to fix the 
sample size and modify the sampling procedure so that the sample size 
in each stratum is predetermined. 

The sampling techniques illustrated in this example can be genera¬ 
lised and subjected to a certain amount of mathematical analysis. 

We denote the sample values x u v 2 ,.. x m by the vector a: whose 
p.d.f. is denoted by p{x). Usually this is of the form 

m 

p(x) = n p( x i) 

i~ 1 

but this is not necessary to the arguments that follow: 
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The statistic is a function of * denoted by Z(x). Again usually this is 
a symmetric function of x u x 2 , . • x m but this fact is not utilised in 
the main part of the theory. 

The quantity to be estimated is the expected value of Z, i.e. 


Z(x)p(x) dx 


where R is the total region for which p(x) is non zero. Usually this is a 
m-dimensional Euclidean space but can, for what follows, be any region. 
The stratification is represented by dividing R into k sub regions 

Rj(j — 1 , 2 , ...,/<). 

We define 

/% 

Pj — p(x ) dx the probability of a sample falling in Rj 

i Rj 

Pj(x) = p(x)lpj xsRj 1 the conditional p.d.f. of jc given that it is 
= 0 otherwise in 


Z: = Z(x)pj(x) dx 


= — Z(z)p(x) dx 
PjUj 


the conditional expected value of Z 
given that x is in Rj 


Given n samples x lf x 2 , . • •, x n , the corresponding values of Z are 
denoted by Z u Z 2 , ..., Z„. For a stratified sample containing n t items 
in the values are written as Z u (j = 1,2, .. .,n h i — 1,2, 

The simple estimate of Z is 

= -2Z, 

n 


Now E(Zi) = Z and its sampling variance is 

<t 2 = ( Z-Zf = f (Z~Z) 2 p(x)dx= f Z 2 p(x)dx-Z 


The variance of Z, is similarly defined as 


a) = (Zj — Zj) 2 = Z 2 Pj {x) dx-Z) 
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1_ 

Pj 


Z 2 p{x ) dx—Zj 


Rj 


Now 


(Z-Zj + Zj-Z^pix) dx 


j>- 


Thus 


(Z — Zj) 2 p(x ) dx+ | (Z y —Z) 2 p(x) dx 

= 1 PjW+(z,—Z) 2 } 
j 

V(Z,) = -= 1 & prf+'Z PjiZj-2) 

11 11 l J j 


The estimate from a stratified sample is 

/IZy 
2 2 = Z Pa-— 


since 


£(Z,.;) = Z| 

E(Z 2 ) = ^p i Z i = Z 


V(2 2 ) = lti(n i <rf) = Y^f 


Pt 
I nf 


On a freely chosen sample will be a variable but in large samples 
rii ~ npi and 

nz 2 ) = 1£ «r? < - = V(2i) 

n i n 

V(2 1 )-V(2 2 ) = ±Zp,(z i -Z) 2 
n i 

If the sample is restricted so that the number in each stratum is exactly 
npi the above formula becomes exact. However, if restricted sampling 
is possible a better choice of the n { is possible. 


We require to minimise X 


(Pi<y) 2 


subject to = n. The optimum 


values of n t can be found by the method of Lagrangian multipliers as 

PPi M 




i 



The variance of this estimate 2 3 say is 


since 



ZiW = E#r^) 2 + ^ 2 

i i 


v(2 2 )-v(2 3 ) = 1 £ -<?) 2 


Often a restricted sample can only be taken by a rejection process. In 
this case, of course, nothing can possibly be gained by throwing away 
sample values except the labour of calculating Z values for the samples. 
It is very rare for the sampling process and the test if it lies in any 
given region to be negligible work compared to the work required to 
calculate Z. 

However, if a scheme of restricted sampling not involving rejection 
can be devised then the optimum stratification of the sample is reward¬ 
ing. The exact value of stratification cannot readily be stated since 
nothing can be said about the relative magnitude of the components of 
the partition 

< T 2 = Ip j (Z,-Z) 2 + Sp j (<T?-CT) 2 + ff 2 


The possibility exists in theory but does not often materialise in practice 
that a stratification can be devised from which the Z, can be calculated, 
but the pj are unknown. 

The sampling procedure then consists of determining for each sample 
the value of j,j(i), say, and using the estimate 


V(Z 4 ) = 1 £ z m 
n * 


Now ^(Z j(i )) = XPjZ?-Z 2 

j 

V(Z 4 ) = 1 z Pj(Zj-z) 2 

«i 

Another possibility is that both pj and Zj are known for some of the 
strata (if known for all the estimation problem is solved). Then restricted 
sampling in the remaining strata should be used and the quantity £ P,Z/ 

estimated and the final estimate obtained by adding £ p*Zj. (K and U 

K 
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standing for the set of strata in which Pj and Zj are known and unknown 
respectively.) 

Other mixed situations exist and the modification required for any 
individual situation is easily made. 

A final possibility is to make a random choice whether a sampled 
point will be used or not. Suppose the labour of calculating Z is large 
compared to the labour of selecting the sample *. Then for each 
selected point the value of j can be determined and the point accepted 
with probability q t and rejected with probability 1 - q.(^ Pj ). If accepted, 
Z is calculated, but otherwise not. ^ J h 

^ ut Z = Z/qj if jt accepted. 

= 0 if not. 

Then E(Z) = X plhq .+0(1 -<?,)) = X Pj Zj = Z 

t r + ■ J \Qj J j 

Use an estimate 

z, = 1 x z, 

n i 

Now 

nz 5 ) = x Pjfyq\-z 2 = x p/Uz 2 
J \Qj J j Qj 

If we choose q } to minimise this quantity we obviously take q. = 1 
but this fails to reflect the reduction of calculation achieved by merely 
sampling and not calculating Z. Suppose that taking the sample and 
determining the strata is 1000% of the total work. The expected amount 
of work per sample is 

I Pitii + W-Clj)} = X Pj(,l-<t>)qj + <p 

3 J 

The optimum solution for qj is 

q = min (1, ky/^j) 

where k is chosen so that the expected amount of work per sample takes 
the required value. 

If the strata probabilities are known and a restricted sampling pro¬ 
cedure is possible, then the process is best modified. 

(i) Pick a strata with probability Pj . 

(ii) Choose to sample this strata with probability q -. 

This reduces the work still further for the samples which will not be 
used to provide a value of Z. 
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If this splitting process is used, it is best to divide the strata into two 
classes. The first class is sampled by an ordinary stratified procedure 
and the remainder treated by the splitting technique. 

The general motivation for the splitting technique is that the strata 
so treated have very low <j/s and a few samples from a stratum of this 
kind will estimate Z, adequately, and the work of restricting a sample 
to the region is high and so the return on work done is low. 

The splitting technique is often referred to as Russian roulette. ^ 

As an example, consider the evaluation of E(e R ) where R 2 = x 2 +y 2 
and (x, y) are the co-ordinates of a random point in a square of side 2 
with centre the origin. Take k — 2 and define 
as x 2 -hy 2 ^ 1 

R 2 as x 2 +y 2 >1 — 1 ^ T = 1 


By symmetry we may restrict the sampling to the first quadrant. 
Using stratified unrestricted sampling the flow diagram reads 



Figure 23 

For restricted sampling from Rl we take x with p.d.f. 

-V1 — x 2 (distribution Rl) 

71 

y uniform in (0, V1 —x 2 ) (distribution SI) 

From R2 we take x with p.d.f. 




(distribution R2 ) 


(1 — Vl - * 2 ) 1 - (distribution R2 ) 

and y uniformly in (Vl^x 2 ,1) (distribution 52) 

One scheme takes n x ~ j n 2 ~ ^ _ 5 J + ^ 

The one is added to n 2 to ensure a sample size n, since ~n can never be 
, 4 

an integer. 



Figure 24 


The optimum sample division for a restricted sampling scheme is 
difficult to determine since the evaluation of <t, and <s 2 is a more difficult 
problem than that of determining E(Z) = E(e~ Ra ). Rough bounds can 
be found 

lnR x 

In R 2 e~ 1 ^Z^e' 4 

The ranges are the ratio 1 -e" */(«' 1 -e'*) e -1 and if we assume 
the standard deviations in the same ratio, wc take 

l + ~(e-2)"_ 

To apply Russian roulette note that 
In R t 

In R 2 e~ 2 ^~Z 2 ^e~ 16 

Thus the splitting is done on region R 2 . This is also advantageous since 
the sampling from R 2 is slightly more difficult. The estimation of <t> is 



1-5 1 

4 

n 2 = -—/? + 1 

Ll + Je-2) _ 
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rather difficult. Assume a value 0-1 and a 10% reduction in sampling. 
Then substituting in the general formula gives 

3*2-0-971 

O 2 — - 

3*6-0*9tt 

The practical difficulties of estimation of quantities such as Z y 2 , <r y , (j>, 
etc., make the application of restricted and split samples of doubtful 
utility except in cases where a stratification giving some order of 
magnitude differences in cy can be easily made. 

The evaluation of the relevant parameters required to design an 
efficient sampling procedure raises an estimation problem. In principle, 
the procedure should proceed as a two-stage sampling method in which 
the primary purpose of the first stage is to enable a second stage to be 
planned so that the overall sample will have been selected on an 
optimum partition between the strata. 

Unfortunately the variability of an estimate of a variance is usually 
higher than that of a mean and so the secondary parameters can only 
be estimated from a sub-sample with very poor precision. If the appro¬ 
priate optimum allocation of sampling between the strata involves very 
low sampling rates for some strata the original sub-sample may contain 
more than required in order to estimate the secondary parameters. 

The ideal procedure would be to make provisional estimates of both 
primary and secondary parameters as each sample (or batch of samples) 
is taken and to evolve the design in the light of the best estimates 
available. 

This discussion has assumed the amount of work (represented by the 
size of sample taken) that is available is fixed and has sought to utilise 
this to minimise the variability of the estimate used. This is artificial and 
it might be more appropriate in many cases to fix the variance required 
and design the sampling scheme to minimise the sample size required. 
Formally these two problems are identical, but in the latter the absolute 
values of the secondary parameters are needed, whereas in the former 
relative values will often be sufficient. 

Thus an evolutionary design should terminate when a required 
accuracy has been achieved. Sequential estimating schemes of this kind 
using stratification have received very little attention in the literature, 
but the simple sequential unstratified sampling scheme has received 
considerable attention. 

Since any sequential scheme has a stopping rule which makes the 
sample size variable, the actual standard deviation of the resulting 
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estimate will be variable. A different definition of accuracy is required 
and a confidence interval of specified length and confidence is employed. 

Suppose that the mean of a normal distribution N(fi, a) is to be found 
by sampling. The mean of ^-observations will have a normal distribu¬ 
tion N(jji 9 a/Jn). Define t a by 

1 

-= e~* x2 dx = 1 — a 

V2 n J -t. 

then the probability if the estimate of the mean is x, that the interval 
(x-t a fflyjn , x-t-t a <j/\Jn) 

does not contain the true mean ju is a. If we require the interval to be of 
length / this gives the equation for n 



If this is not an integer the next highest integer should be used. 

This assumes that a is known. Otherwise this must be estimated from 
the data. 

If a fixed sample is taken the appropriate confidence interval is 
found by using Student’s distribution. Let t a now be the critical t-value 
for enclosing a probability of 1 - a. Calculate 

t = (A-/0 \!n 
s 

This gives a confidence interval 




The analogous sequential procedure would at first 
to stop sampling when 



sight take a rule 


where S n is the estimated standard deviation on n observations and 
the critical /-value for Student’s test on n degrees of freedom. However, 


the lim LIBRARY 
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this is not theoretically correct as the probability of stopping involves 
the successive events 

S 2 2 S 2(i/) 2 /(< 1 > 

Si ^ 3(i0 2 M 2) 

s 2 n g 

Since the statistics S x , S 2 , ..5,, are not independent, the probability 
of this joint event is not easily calculated and is certainly not 1 — a as 
supposed by the confidence interval argument. However, for large 
values of n , Anscombe and others have shown that the effect of the 
sequential nature of the process can be accommodated to a sufficient 
accuracy for practical application by a simple adjustment. 

The recalculation of Sj after taking each sample is troublesome and 
can be avoided by rewriting the stopping rule as a restriction on the sum 
of squares about the mean. 

This can be done most conveniently by means of the Helmholtz 
transformation. 

Suppose the sample is x lt x 2 , .. x n 


Then 


£ (xi-*) 2 = £ 

i - 1 1=1 

where 

i r 

U, — - <1 

<0+1)1 

i ^ 2 

bq + i E x i\ i = 1,2, 

;=i J 


Thus each additional sample taken enables a new u t to be calculated 
and does not change the values of the previous w-values. 

The modified stopping rule in terms of these w-variables is found to be % 

£», 2-676 

i= 1 

when t is the normal critical level. The elimination of the Student 
distribution arises from the assumption of large n. 

n 

The derivation of this result hinges on the fact that E x t has for 

i = 1 

large n a normal distribution N(fi,y/na). The central limit theorem 
ensures that this is approximately true whatever the distribution on an 
individual x x may be. Thus the stopping rule has a wider validity and 
may be used for all estimation processes so far discussed. 
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The expected sample size can be found to be 

l 2 2 

and the second term represents the additional sampling required to 
allow for the unknown value of <7. 

If it is desired to quote a standard deviation for the estimate, the near 
normal distribution of the estimate can be used and the equivalent 
normal standard deviation is quoted 

2 t a * 

There is very little theory developed concerning the use of control 
variates to increase the precision of an estimate. 

If the control variate is y with known mean p and variance co 2 and 
correlation p with z, the estimate is 

z 6 = z- ay-yap 

~ V(z-ay) - (<j 2 -2ap<jco + cc 2 co 2 )/fi 

This is minimised by choosing a = ~ 

co 

Then K(f 6 ) = a 2 (l -p 2 )/n 

The technique normally estimates a by least squares as 

\ypZi~nyz 


Now regard the set of sample values as a single multivariate sample. In 
repetition of sub-samples we are concerned with 

(£0',-T)(Zi~ z)Z(T ( -/0) 

E{&(y — /0} ~ ^ -—-- # 0 in general. 

I . nHy t -y) 2 ) 

Thus estimation of <x from the data will introduce bias. This can be 
avoided by dividing the sample into two parts S 0 and S 1 containing n 0 
and n i samples respectively. 

&k = Z (yi-AXZi-ZuMZf-Zt ) 2 
s k 

h = I y,K z* = £*,/«* 

Sk S k 


Put 

where 


k = 0, 1 
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Now a 0 is independent of z„ jq and is independent of z„, y 0 . Thus 

we may use the estimate 

2 1 = i[{z, — « 2 ( — M)} + {z 2 — «lCp2 — 

Each of Zt-ai-M-M = 0, 1) is an unbiased estimate and so their 
mean is also unbiased. 

<7 2 (l-p 2 ) 

Now V W - 

from the theory of least squares. 

After a little tedious algebra we obtain 

• “i 

V(i 7 ) = \i2a 2 (l-p 2 )(-+ l -\+E(ot l y i )E(a 2 y2) 


= Vd-V; - + - +t 


This is clearly minimised if n, = n 2 = n/2 and the variance becomes 

2cr 2 (l -p 2 )ln 

The price paid to remove the bias is quite high. A generalisation of 
this technique due to Tukey helps. Divide the total sample into k equal 
parts and estimate a from each of the samples formed by deleting one 
part at a time. If the parts are Si, S 2 , ■ • ■, S k , define 

ot. = X Z ;)/.I O'i-Tj) 2 


- k V 5 


(/c-l)n4 


A' v 

- 1 z i 


k i 

Then to the same order of accuracy 

A * 2 (I-p 2 :> P /A 2 \ 

nu '~F~i —V) 

Clearly k cannot be made loo large or lire neglected term will become 
comparable with the main term. 
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The control variate technique involves more labour than simple 
sampling and there is a minimum correlation between y and z before the 
method is economic. Suppose the labour of the control variate tech¬ 
nique is X times that of the simple sampling procedure. In most cases 
2 ^ 2 . 


The control variate technique is advantageous if 

k 2/i 2\X 

—a 2 (l-p 2 y <_ 
k — 1 n n 


l.e. p > 


/cU-D+1 


kX 


For the ideal case X — 2, k -> co the criterion becomes p > 

V2 

Hammersley has suggested the use of negative correlation between two 
estimates as a method of reducing variation. Basically these techniques 
depend on the fact that if z x and z 2 are unbiased estimates of some 
parameter, then 

z = a l z 1 +a 2 z 2 (where a i +a 2 = 1) 


is also unbiased and the variance of z is given by 

U(z) = a 2 x o\ + 2pa i a 2 <JiG 2 + a\(jl 
This is minimised by choosing a x and a 2 as 


o\ — 2pG x G 2 + G 


With these values U(z) reduces to 


a-, — 


Oi-pOtG: 


g\ 2pG\G 2 -\- g\ 


VoJz ) - 


— 2pa l a 2 + (T] 


It can be shown that this is a monotonic increasing function of p and 
so the larger the negative correlation between z u z 2 , the more accurate 
is the estimate z. 


The usual and most important case is g x = g 2 when as would be 
expected 

ai =a 2 = i U(z) = a l(l+p) 

In this antithetic procedure, for a gain in efficiency we shall require 
XalaliX-p 1 ) < min (af, cl){<j\-2p<j l c 2 + a 2 j) 




Assuming a i ^ a 2 this reduces to 

XG 2 2 p 2 —2po 1 G 1 + o\-(X—\)<jl > 0 

This is true for all p < 0 if a Ja 2 (The simple case a x = ff 2 , 

2 = 2 satisfies this relationship.) If this is not so, then the equality can 
be reduced to a pair of linear inequalities. This gives the conditions 



The principal use of this technique has been with stratified sampling. 
If the strata are chosen so that pj = p const, then we may sample by 
taking a point in each stratum and repeating njk times. 

Consider a univariate case. Suppose as is usual that for each j,pj(x) 
is non-zero throughout the region Rj which now reduces to a simple 
interval. The estimate for Zj may be taken as z(x)pj(x) where x is 
uniform over the range of Rj . 

Thus writing/(x) for z(x)pj(x) and assuming that [a,, a J + i ] is the 
range Rj our estimate is 

E /{«; + €>/+ 

J = 1 

where are uniform random variates. The normal stratified sampling 
procedure would take the £, independent. The antithetic variate 
technique consists of taking the variate negatively correlated. 

In the simplest case k = 2, the best possible relation is £ 2 “ l“£i 
which ensures a correlation of — 1 in the £ s but not of course in the 
two components of the estimate. 

For larger values of k, the choice of a relationship is more difficult 
and in practice the technique resolves into using a power of 2 for k. 

The whole process rapidly becomes similar in form to the ordinary 
methods of numerical analysis for evaluating the integral of a function 
as a weighted sum of ordinates. 

The application of antithetic variates to other situations will be 
discussed in a later chapter. 



CHAPTER 10 

SIMPLE QUEUEING PROBLEMS 

The sampling experiments discussed in earlier chapters have been 
applied to formal mathematical problems. We now turn to a study of 
more practical experiments concerned with industrial problems The 
major difference here is that the statistics of interest are no longer 
derived as complicated functions of probability distributions but are 
expressions characterising a probabilistic process. 

The simplest processes arising in industry concern queueing systems 
and in this chapter we illustrate various methods of conducting sampling 
experiments on such systems. 

A simple queueing system consists of a collection of items to be 
processed, and a mechanism for processing them. To specify the system 
we must know: 

( 1 ) the time taken by the serving mechanism (the server) to process 
a given item; 

(ii) the rules for the formation of the collection of items requiring 
service; & 

(Hi) the rules for selecting an item for service by the server from the 
collection. 

The time to service an item is usually variable and indeed it is this 
variability that raises the problem of the behaviour of the system It is 
natural to describe this variability by a probability distribution of 
service times for the items. This still leaves open the relation between 
the service time of successive items. In the absence of definite evidence 
that one service can affect the next, independence is assumed and the 
se of service times is taken on samples of independent items from the 
service time distribution. 

This assumes that the items serviced constitute a homogeneous set. 

It is possible to generalise the situation and stratify the items and 
associate a different service time distribution with each sub-set. 

The collection of items requiring service varies with time and the rules 
lor its change form the most convenient definition of the collection (the 
queue). After processing, items usually leave the queue. It remains to 
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specify the arrival of items to the queue. This is most conveniently done 
by specifying the times that items join the queue and, if there is strati¬ 
fication, what sub-set they belong to. These times do not usually form a 
regular sequence, i.e. the inter-arrival intervals vary. Once again, the 
most convenient description of these varying intervals is by a prob¬ 
ability distribution. The question of the relation between successive 
intervals also arises and in the face of ignorance about the relation, 
successive intervals are assumed independent. However, if we are 
dealing with a succession of queues, the intervals between arrivals at 
one queue may be determined by the output of a preceding process. 

Finally, the queue discipline must be specified. This consists of a rule 
for determining if the server is to serve an item and if so which item to 
serve. Usually, in the interests of high throughput, service is always 
given if there is an item in the queue to receive it. The choice of item 
usually depends on the order of arrival and the common rule is first 
come, first served. Special cases, such as railway wagons in a siding 
awaiting shunting, give rise to a last come, first served discipline. If the 
items are stratified, then the sub-sets may be priority-ordered with 
arrival time priority within sub-sets. In this case, the possibility of 
abandoning service of an item on arrival of a higher priority one arises, 
and then the rules for completion of the partially serviced item need 
specification. 

All but the simplest queue systems defy analytic solution, although 
the mathematical theory of queues is a powerful tool for discovering 
the kind of phenomenon that can arise. 

Once a complete description of the system is given it becomes pos¬ 
sible to simulate it by sampling the appropriate distributions for process 
and inter-arrival times, and performing the necessary book-keeping. 
Conversely, the attempt to describe the procedure for simulating the 
system is often a valuable way of disclosing gaps in the complete de¬ 
scription of the queue system. 

We now turn to the problems of describing the results of simulating 
a queue system. The purpose of such a sampling study is to measure the 
congestion that the variable input and process time produce. The 
congestion can either be measured from the point of view of the system 
—how many items await service—or from that of the items—how long 
they wait. In the latter case, the natural description is to give the distri¬ 
bution of waiting times. The system description is more difficult as the 
number waiting at any instant depends on the number waiting at earlier 
times. Usually, the maximum queue that develops in a given period 



is the number of principal interest, since space has to be provided for 
the items. 

Suppose then that a simulation is required to study the maximum 
length of queue which develops in a given period, in a system consisting 
of a single service with a given service time distribution ( R , say) in¬ 
dependent of the item being served or of any history of service times, 
which is fed by a source of items arriving at intervals that have another 
given distribution ( S , say). Suppose the system starts with an empty 
queue and an idle server. 

All that is required is a count of the queue size as items enter and leave 
it. These changes are caused by events and a history of the events must 
be generated. As each item arrives, it is possible to predict the time of 
arrival of the next item by drawing a sample from S'. Similarly, as each 
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Figure 25 
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item starts processing, the time at which it will be completed can be 
predicted by drawing a sample from R. 

At any stage, the next event to occur is found from the minimum of 
these two predictions. 

Let the current time that has been reached in the simulation be T 0 , 
the predicted next arrival 7\, the predicted end of service T 2 and the 
specified duration T 3 . Let the current size of queue be n and use a 
marker / to denote if the server is active or not, set / = 0 if idle and / = 1 
if active. Let the maximum queue size to date be m. 

The flow diagram is then as shown in Figure 25. 

In practice, the calculation would be repeated many times so that the 
statistical behaviour of the maximum queue size could be studied, and 
this flow diagram would be a sub-flow of a complete sampling pro¬ 
cedure. For example, it may be proposed to accommodate a queue of 
size M. What is the frequency p of runs for which this is not large 
enough ? 



Figure 26 

If in the practical problem M can be adjusted, it is more economic 
to form a frequency distribution for m and use this to estimate p for 
each of a range of values of M. This same function can be used to 
estimate the necessary M to ensure that the frequency of overload of 
the queueing area is limited to any particular figure. 

The frequency being estimated is, by the nature of the problem, a low 
one and consequently will have a high variability, and thus will need 
a large sample to estimate it accurately. What can be done to reduce 
the sampling required ? 

First in the sub-flow diagram, simulation can be stopped as soon as m 
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reaches the value M (as the maximum in the range under consideration) 
since m is a monotonic function of the duration. 

But a more powerful technique is to divide the total duration into 
two equal parts and perform a set of simulations over the first half, 
recording both the maximum and the final queues. These cases that 
have a large final queue are most likely to lead to large maximum 
queues in the second half of the duration and a second set of half 
duration simulations can be performed, using different starting condi¬ 
tions. 

From the first simulations, estimates of frequencies p{n) of different 
final queue lengths n are available and can be used to weight the condi¬ 
tional distribution of maximum queue length in the second duration. 

In symbols, we tak Qp(m, n\r) to be the frequency of the system reach¬ 
ing a maximum queue length of m in a half duration, starting at length 
r and finishing at length n. 

The distribution of maximum queue length m { in the first half 
duration is 

PiOn, -) X «|0) 

n 

and distribution of final length n is 

Pi(“> n) = X P(wi, n\0) 

m 

If the duration is long compared with the individual process times 
and inter-arrival intervals, the distribution of the maximum in the 
second half is nearly independent of that of m in the first half. 

p 2 (m, n) = X Pi(-» r)p(m, n\r) 

r 

and p 2 (m, -) = £p,(-, r) £p(m, n|r) = £p,(-, r)p(m, -|r) 

r n r 

We may choose the amount of sampling for each of the starting 
conditions in the second half of the duration to increase the accuracy. 
An optimum rule is hard to formulate and sample sizes proportional 
to initial queue size are satisfactory. 

Finally, the overall maximum is then found by sampling from the 
distribution -) and p 2 (m, -) and forming the distribution of the 
maximum. 

This technique is not quite accurate as the distribution p(m, /?, r) is 
not completely specified by the initial queue size r but also depends on 
the state of the server and the time of arrival of the first item. 
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In principle, the technique described for the single service queue of 
homogeneous items can be extended to several servers and a stratified 
population of items. 

For example, suppose there is one server and two types of item; the 
server has a different distribution of process times for each type of 
item. Assume that the first type of item has complete priority over the 
second type. There are at least two possible ways of describing the input 
to the system. 

The first assumes that the items of the two kinds arrive independently 
and each has its own characteristic inter-arrival distributions. The second 
assumes that the items arrive with a given inter-arrival distribution and 
on arrival are categorised as type 1 or 2 by random choice, the first 
item consisting of p% of the input and each choice being made in¬ 
dependently of the previous choices. It can be shown that these two 
models only coincide if the inter-arrival distributions are exponential. 
Of course, both models are capable of several complications. 

Suppose we make the first assumption. A possible flow diagram 
for a simulation to find the maximum queue developing is given in 
Figure 27. 

Let T 0 represent the simulation time, T U T 2 the times of arrival of the 
next items of each kind; T 3 the time of end of service on the currently 
processing item by the server and T 4 the duration. Suppose n u n 2 give 
current size of the queues of the two kinds, n the total queue and m the 
maximum queue to date. Use a mark / to indicate the state of the server; 
/ = 0, empty; 7=1, serving first type of item; / = 2, serving second 
type of item. Let the two process distributions be Rl, R2 respectively 
and the two inter-arrival distributions be SI, S2 respectively. 

The flow diagram based on this method will become even more com¬ 
plicated if the types of item are more numerous; if there is more than 
one server the network becomes almost impossible to draw. 

However, there is a more systematic method of proceeding. Suppose 
there are k types of item with priority of service given by their type 
number. Let the times of arrival of items be T h i = 1, .. .,k\T 0 being, 
as usual, simulation time. Let there be j servers each independently 
drawing from the queue. Suppose in the event of two servers competing 
for an item to serve that a similar priority system based on server 
number applies. Let the times of completion of service by the server 
be T k + i , i = 1, ..., s. Let the service time distribution of the 7th 
server serving the /th type of item be R(i, /). Suppose n t (i — 1, 
give the current sizes of queues of each kind of item, n the total queue 
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Figure 27 


and m the maximum queue to date. Use marks L to denote the state 

be V 6 TTih' L f thE m [f r ‘ arrival distribut ions for the fth type of item 
be S h and the duration be T k+s+t . 

The flow diagram proceeds to determine the earliest time any event 
occurs and then searches in turn over the machines. For each possible 
event (service-end or .tern-arrival) which actually occurs, a sub flow is 
entered. At the conclusion of each sub-flow the search is resumed 
The need to set the time of an idle server to a large value is 
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unnecessary, since in the time advancing search, only times greater than 
the present simulation time need be considered. 

The flow diagram is as follows: 



If the utilisation of the servers is of interest, this can be obtained from 
the waiting times and the flow diagram is easily adjusted for this. 
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Suppose the waiting times of the servers are being stored in W u (initially 
zero) then the order 

^ = w u +t 0 -t u 

added to the sub-flow marked (A) will collect the waiting times and then 
the final printing must be adjusted to print these quantities. We shall 
find that the sub-flow enclosed in the dotted area is of constant occur¬ 
rence and is abbreviated in later diagrams to ADVANCE T 0 . 

If only waiting times are required, we can proceed differently. First, 
consider a simple single service queue of one type of item. Suppose that 
the server has been waiting and has just received an item. Let the next 
item arrive at 7\ and let service be complete at T 2 . 

There will be waiting on the next item if T l > T 2 of duration T x -T 2 . 
Otherwise there will be no waiting and the second next item will arrive 
at T\ say, and the processing of the next item will finish at T 2 . The second 
next item will cause a wait only if T\ > T 2 . 

In this way we can determine the next waiting time, when it occurs, 
and the number of the items n processed since the last delay. It is more 
convenient now to limit the sampling to a fixed number of waiting 
times (held in a register w, say). Suppose the inter-arrival and process 
time distributions are Rl and R2 respectively. Then the flow diagram 
reads: 



Figure 29 


This technique is an example of a recurrent event—a. concept intro¬ 
duced by Feller. We study the queue process only at times when a 
specified event occurs; in this case the event is the queue becoming 
empty. We are able, for this special state of the queue, to describe the 
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distribution of time between the occurrences of this state without 
studying all the intervening states. This arises because there is only one 
change of the system giving rise to the state of a zero queue. For all 
other queue lengths there are two ways to reach the length and the 

technique fails. _ # 

In particular, it is not possible to adapt this technique to find intervals 

between the time when the queue reaches a fixed maximum. 

However, it is possible to generalise the waiting time formulation 
to deal with a stratified input. Suppose the items fall into k classes and, 
as before, initially that one item of class i, say, has just arrived and has 
been seized by the waiting server. Let inter-arrival distributions of items 
of class i be Si and assume that they all have common service time 
distribution R. 



Figure 30 
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The sub-flow enclosed in dotted lines determines the minimum of a 
set and identifies an element attaining that lower bound. This process 
is so commonly required that the abbreviated expression 

(i, S)' = min (TJ 

u 

will be used. 

If several values attain the lower bound, this routine gives the one 
of lowest index number. By changing the inequality to T u ^ S , the 
index given will be the highest of those eligible. This will be denoted by 

(S, 0' = min (T tl ) 

u 

Similarly, if a set of tests W must be satisfied before an item is 
admissible as a candidate in the search we write 

ft S)' = min (T u )/W 

u 

For example if a value W u is associated with each machine and we 
require to determine the earliest-numbered machine with minimum 
value of T u for those with non-zero PF-values, we would write 

ft S) f = min (S U )IW U # 0 

u 

The flow diagram for this is 



If there is more than one test in W these follow the / separated by 
commas, e.g. 

0\ sy - min (T U )IW U # 0, - 0, P u > 0 

(i 

A.S.— 5* 
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A similar notation is used to determine the element maximising a 
quantity S 

(/, sy = max (S u ) 

u 

In the present example, it is of no consequence which alternative 
minimisation is used. T is advanced for each of any set of items arriving 
simultaneously, before S is advanced. 

If the server has a different process time distribution for each type of 
item, a slightly different procedure is necessary. We shall assume as 
before that the index priority system applies. 



Figure 32 


In this and the preceding example, the initial conditions are not 
completely specified, as at the end of the waiting period the items of the 
other classes must have their return times fixed. In practice, arbitrary 
but reasonable values can be assigned and the first few results discarded 
until steady conditions are established. 

The problem of many servers to a single queue can be dealt with in 
a similar fashion. Now let T u be times of return of the server (u = 1, 
..., S), with process time distribution Ru , T the time of next arrival, 
inter-arrival distribution S. Figure 33 gives a possible flow diagram. 

Finally, it is left as an exercise to the reader to develop the flow 
diagram for the completely general case of multiple servers of a stratified 
queue. 




SIMPLE QUEUEING PROBLEMS 


131 



Figure 33 


The analysis of queues has so far assumed an indefinite supply of 
items of process and this sampling has not depended on the number in 
the queue or the rate of processing. 

Often the items processed involve a carrying mechanism that is 
held in the queue until the item starts processing or in some cases until 
after the process is finished. We shall consider the latter case. An ex¬ 
ample of this is a coal unloading machine, which empties wagons of 
coal into a stock pile and is then released to collect more coal. The 
number of wagons in the queue is limited to the total number of wagons 
and the arrival of wagons cannot then be described by a statistical 
distribution of inter-arrival times. 

Suppose there are k wagons and each has a filling time after release 
by the emptying machine that can be described as a sample from a 
common filling distribution S. Suppose the emptying time is also 
described by a distribution R. 

Let the number of wagons in the queue be Q, the time that the 
machine will finish unloading its present wagon (or finished unloading 
its last wagon if it is now idle) be T k+lt the time that the z'th wagon 
will arrive (or did arrive) at the queue is T h (/= 1 , ...,*) and finally 
the current time is T 0 and duration is T k+2 . 

At any instant, the next change of the system will occur when a 
wagon arrives or the machine finishes emptying a wagon. If it is empty- 
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ing a wagon let S denote the number of the wagon. Let the queue 
discipline be first come, first served. 

Suppose the required information is the maximum size of the queue 
during the run and a list of the individual waiting times of the wagons. 
Then the flow diagram for the simulation is given by 



Figure 34 


The method can clearly be extended to several machines serving a 
common queue of wagons. The machines should be ordered in priority 
to deal with the possibility of two machines becoming available for 
service simultaneously. Similarly if two wagons join the queue together, 
the one of lowest number will be chosen for service. More complicated 
selection rules can be arranged by extending the programme. 

If only waiting times are required, then the recurrent event technique 
can be used. Suppose there are k wagons and m machines and the 
times of delivery of wagons are W h (/ = 1,2, ...» k) and the times they 
finish a service are S*. If service is in process on wagon i put = 0 
(/ == 1, ..., m). The objective is to measure the first m waiting times of 

machines and the interval between waits. 

Suppose at time 0, a service has just started and all machines are 
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now serving, and there are no wagons in the queue, i.e. a wait by a 
machine has just finished. 

Then the next machine to finish service will wait unless a wagon 
delivery has been made before the end of its service; if it does not wait 
then the next possibility of a wait is if the second wagon has not arrived 
before the second service finishes. This process can be repeated until a 
wait occurs. 

Let the name of the wagon being serviced at zero time be held in V, 
then the programme reads 



Figure 35 

There is a similar solution to the problem of determining the waiting 
times of the wagons. This also starts from the condition where a service 
has just started and all items are busy and the queue is empty and we 
test that the next machine completes service before the next arrival. The 
details are left as an exercise to the reader. 

Another variant of the queue problem concerns a multiple service 
queue in which arrivals select a queue by some rule and can then only 
be served by the machine associated with that queue. As a simple 
example, suppose the queue of minimum length on arrival is joined, 
that all machines have a common process distribution R and that the 
inter-arrival intervals are given by the distribution S. 
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If there are k machines whose end of service times are T t and queues 
of length &(/ = 1, ■ • -,k) then with T k+l for the next arrival time, 
T 0 and T k + 2 as before, we have a programme to determine the maxi¬ 
mum queue sizes M t (i = 1, 2, ..., k) as follows. 



Figure 36 


The ordering of machines is important in this example as the adjust¬ 
ment of queue lengths must take place before any item arriving at the 
same time makes a selection of the queue to join. 

Finally, we consider the situation in which there is a set of queues 
fed serially from each other, the output of one forming the queue of the 
next. Input to the first machine is supposed to be described as usual by 
an inter-arrival distribution 5 and the machines have process time 
distributions /?,(/ = 1, 2, .... Ac). It is convenient to change the notation 
and use T for current time, T 0 for the arrival events and T k+1 for dura¬ 
tion. Set Q 0 to a negative value and put RO for 5. A possible flow 
diagram is given in Figure 37. 
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There are, no doubt, many other queueing systems that could be 
described, but the foregoing has indicated the type of attack that 
will enable a simulation of such systems to be written. 

In the next chapter a different class of problem concerning queues 
is discussed and techniques for handling lists of customers are described. 
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FURTHER QUEUE PROBLEMS 

The analyses of the previous chapter have all been system or server 
oriented. We now turn to a customer oriented analysis and derive the 
history of each customer in the system. In general, this is much more 
complicated and involves keeping lists for each item in the queue. In the 
other analyses, the queue discipline, apart from the priority rule, has 
not been invoked. In a customer analysis, the discipline becomes all 
important. 

However, the simple single server, unstratified, first come, first 
served queue system is amenable to a simple analysis. The relevant 
history of an item consists of the time of arrival and the times service 
starts and finishes. Let these be denoted by X n Y r , Z r respectively. 
Then we have the following recursive equations: 

X r+i = X r + sample S 
Y r+1 — max (X, +1 ,Z r ) 

Z r+1 = T r+1 +sample R 

where R and S are the service time and inter-arrival distributions 

respectively. . 

In addition, the cumulative idle time W r of the server can be obtained 

from 

W r+1 = W r + max (0, X r+1 ~Z r ) 

The stratified queue can also be dealt with in this fashion if there is 
no priority system and the description of the arrivals follow the second 
form suggested in the opening section of the last chapter. The equations 
simply become in an obvious notation: 

u = sample of item type 
X r +i =X r + sample S u 
Y r +i = max (X r+U Z,) 

Z r+1 = 7 r+1 + sample 

W,.+i = W r + max (0, X r+1 -Z r ) 
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For any other queue discipline, we must revert to the event type of 
approach. 

Consider the single server queue with a stratified queue and a 
queue discipline based on priority and first come, first served, within 
a stratum. As in the system-oriented case described earlier the times of 
arrival of items of the different kinds and the time of service are required. 
In addition, each item in the queue needs historical information about 
it storing in a list. 

The list will be arranged to accommodate a maximal number of 
items. This can be fixed either by guess-work or employing a system 
oriented simulation to determine the maximal number that will be in 
the queue and then using the same pseudo-random number starting 
values to ensure generating the same sample times. In the former case 
steps must be taken to stop the simulation if the guess proves wrong. 
The positions in the list are numbered 1,2, ... ,m and each is used to 
store 

U s type of item 
X s time of arrival 
Y s time of service start 
Z s time of service end. 

If a position is not in use U s — 0 

The marker / associated with the server is now used to hold the list 
number s of the item under service. If / = 0 the server is idle. Using the 
remaining notation as before, we can draw the flow diagram to print 
the history of each item when service is complete, as in Figure 38. 

The sub-flow enclosed in dotted lines occurs frequently and can be 
abbreviated to 

LIST ENTRY (U, S)' = (w, T 0 ) 

This technique has the disadvantage that the whole list is searched 
each time an item is required, and the items could have been stored in 
separate sub-lists on entry. This raises the problem of the necessary 
length for each sub-list and the tendency to use more storage to ensure 
that no sub-list overflows. This extra storage required is usually an 
overriding objection to the multiple list arrangement. 

The alternative left is to sort the list into a priority order. For this 
to be effective, extensive book-keeping of the break points in the lists 
becomes necessary. We can arrange for each section to contain the items 
in any order or we can maintain a strict ordering by time of arrival. We 
consider the latter scheme first. 
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Let the register M u contain the name of the leading item in the uth 
sub-list. We use a set of registers U> X , Y , Z to hold the information 
obtained from a selected item in the list. The process 

U' = U„ X' = X„ Y' = Y s , Z’ = Z s 
is abbreviated to ‘READ s’. The reverse process is abbreviated to 
‘ENTER s’. 

Withdrawing a nth type item from such an ordered list is merely 

s' = 

M' u = Af„ +1 
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READ s 
U f s = 0 

For entering an item, a second temporary register is desirable. Read¬ 
ing and writing to this are abbreviated to READ 5 and ENTER 's. tt 
is also necessary to interchange the contents of the registers, which is 
abbreviated to SWITCH. 

The process of reading an item from one class creates a space in the 
sub-list of the next higher class. The first step in entering an item is to 
see if such a space (or spaces) exist(s). Otherwise the items in the list 
must be moved down until the last displaced item can be entered in an 
empty position. This may not happen before the bottom of the list 
is reached, but there may still be room in an earlier part of the list. 
Thus it is convenient to regard the list as circular, the last position 
being followed by the first. In this displacing process the registers M u 
must be adjusted. 

A possible flow diagram is given below: 



Figure 39 


An alternative method of proceeding in this case of ordered sub-lists 
is to divide the available storage into units and use ordered aggregates 
of these to form a sub-list. As the items in any sub-list increase, unused 
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units are added to the aggregate and as items are used, emptying a unit, 
this is released for use by other sub-lists. 

This method is of value only if the total number of items likely to 
be stored is very large, since, if there is to be little wastage, each unit 
must be small compared to the total storage, and as each unit requires 
space to describe how it is being used, each unit must be large compared 
to the number of variables used to describe its use. 

There are two variants of the method. The first regards the units as 
items in a set of ordered sub-lists. To enter an item, the appropriate sub¬ 
list of units is read to determine the last item in the sub-list. This gives 
the name of the unit to enter the item. This unit is scanned and, if any 
space is left, the item inserted in the next space in the unit. Otherwise the 
sub-list of empty units is consulted to find an empty unit and the item 
inserted into the leading space; at the same time the unit is deleted from 
the sub-list of empty items and entered on the sub-list of units allotted 
to this appropriate category. 

To remove an item from the list, the appropriate sub-list of units is 
consulted and the leading item noted. This gives the name of the unit 
whose leading item is the required item. The item is removed from the 
unit and if this is now empty, the leading item in the sub-list of units is 
removed and entered as the last number in the sub-list of empty units. 

A flexible storage arrangement could be used for the sub-lists, but 
the complexity of the process in this case would be unlikely to be worth 
the storage saved, bearing in mind that the orders to execute the arith¬ 
metic of the process also take storage space. Using fixed length sub¬ 
lists for the names of units, the storage arrangement is illustrated 
diagrammatically in Figure 40. 

The unit lists are on the left giving for each of three types of item the 
unit number and an associated serial number to give order of entry. 
The units holding the items are displayed on the right and the chains 
linking them into a complete list are shown. 

To enter an item in type 1 sub-list, the units sub-list is scanned for 
maximum serial number; in this case 8. Unit 20 is given as the unit 
containing the tail of the list. This unit is now scanned to find the first 
empty cell; in this case cell 4. 

If an item is to be entered in the type 2 sub-list the unit 18 is selected 
since its serial number is 4, the maximum in that sub-list. On scanning 
this sub-list it is found to be full. The first non-empty cell of the empty 
units list gives unit 17. The item is entered in the first cell of this unit 
and the first empty cell in the type 2 sub-list is found. This is cell 6, 
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in which we enter the pair (17, 5). The cell containing 17 in the empty 

sub-list is cleared. 

To remove an item, the unit sub-list is searched for minimum serial 
number. For a type 3 item this gives 10, corresponding to unit 9. 
Unit 9 is searched for the first non-zero item, and this is found to be last. 
Removing this item leaves unit 9 empty. Thus the cell serial number 10 
is cleared and an empty cell in the empty list is found and 9 inserted. 

In practice, the scan of the units can be avoided by keeping a record 
of the position of the head and tail of each list. Let there be k items in 
each unit list with entries (U i9 S t ) i = 1, .. . 9 k;h,t, the ordinal number 
of the head and tail of the list. Each variable requires a further suffix ./ 
to denote the sub-list number, but this will be omitted without loss of 
generality. The empty list is unordered and is denoted by (FT). 

The item in position m of unit / is denoted by Let X , x, /,./ be work¬ 
ing spaces. The flow diagram for an entry of an item I is then given by: 



Figure 41 


Similarly for a withdrawal we have: 



Figure 42 
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The second variant uses the principle of link chain storage. Instead 
of storing unit numbers and serial numbers in a two variable item list, 
a cell is associated with each unit and the name of the next higher and 
next lower unit stored in its two halves. Associated with each type of 
item is a 4-part cell containing the name of the unit and position in that 
unit of both the head and the tail of the list. 

Suppose the two-part cell associated with a unit / is (U h V t ) and the 
4-part cell associated with a given type is (/, h , /, t ) while the first and 
last units in the chain of empty units are (x, y) (Ui - V) — U — V 
- 0 ). 

The entering and removing of an item then becomes: 



Figure 43 


For the example of the figure the chain cells L } are as follows: 


1 (3,13) 

9 (0, 10) [13, 0] 

17 (0,6) [18,0] 

2 (0,19) 

10 (9, 12) [0, 12] 

18 (21,0) [21,17] 

3 (22,1) 

11 (24,22) 

19 (2,4) 

4 (19,13) 

12 (10,8) 

20 (11,0) 

5 (16, 14) 

13 (1,0) [1,9] 

21 (7, 18) 

6 (17,24) [0,24] 

14 (5,0) 

22 (11,3) 

7 (23,21) 

15 (6,17) 

23 (0,7) 

8 (12, 16) 

16 (8,5) 

24 (6,11) 

An arbitrary chain of empty units has been assumed. Thus for entry 


of a type 2 item we have 

(h Kh t) = (23, 2, 18, 9) (x, y) = (17, 13) 
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We have L' 18 = (21,17) L' 1? = (18, 0) L' 6 — (0, 24) 

(i, K j , O' = (23, 2, 17, 1) (x, 30' = (26, 13) 

For the removal of a type 3 item (/, h,j , /) = (9, 9, 14, 1) 

L' 13 = (l,9) 14(13,0) L' lo = (0,12) 

(i, h,j, t)' = (10, 1, 14, 1) (x,y)' = (6,9) 

This chain method is superior to the list of units method in the 
amount of storage involved and the amount of calculation involved, 
and will well repay study to understand the mechanism. 

It may be used to deal with items if the amount of storage for each 
item required is high. Each item now has a link store and the 4-part 
cell reduces to a two-part one as for the empty units chain. In fact, the 
units of the former analysis are regarded as items. The simplification of 
the calculation is left to the reader. 

We now turn to the problem of maintaining unordered sub-lists in a 
common list. This arises if the criterion for selecting an item from a 
sub-list is different from the first come, first served basis. For example, 
the item selected may be that with the earliest delivery promise. 

Reverting to the notation of the first sub-list technique (p. 138) the 
selection of an item of type u is achieved by a scan of the sub-list where 
the start and finish cell names are M u and M u+l — 1 respectively. 

To enter an item I of type u we first see if it can be inserted at the end 
of the present sub-list. If not, it is entered in place of the head of the 
next sub-list (m+ 1) and the process repeated to insert the displaced 
item into sub-list (w+1). This continues until the item can be inserted 
or the whole list has been scanned. In this latter case an alarm is given. 



Figure 44 
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It is possible to allow free use of the list for storing items of all types 
and at each scan to record the first and last items of the type being 
selected and to use these values to determine the range of next scan. 
The attempt to enter a new item should start at the first item of the same 
kind and if an empty cell is not found before the last item of that kind, 
the last item record is adjusted. This assumes a circular list. 

However, this method involves the storage of two references for each 
sub-list and will always involve larger scans than the first method. 

If the storage capacity allows a second record for each sub-list, a 
better procedure is to record the location of the last item in each sub¬ 
list in N u , say. 

Then the insertion of an item of type u reduces to: 



These techniques for handling lists can also be used to deal with 
items passing through a queueing system. The sub-lists then correspond 
to items in the different queues. By rearranging the items, searches for 
them when service can be given can be made over a reduced range. 

Lists also arise in the study of other industrial simulations. This forms 
the subject of the next chapter. 






CHAPTER 12 


GENERAL SIMULATION PROBLEMS 

Since the popularisation of queue theory, it has become common 
practice to describe an industrial plant as an aggregate of inter-con¬ 
nected queues. The theory that gave birth to this view of a plant is not, 
however, capable of offering a solution to many of the problems of 
industrial congestion and simulation is frequently used to study such 
problems. Earlier chapters have shown various techniques for simu¬ 
lating queue systems of varying complexity, and the extension to more 
complex systems can be envisaged. 

However, the queue description does not meet all industrial situa¬ 
tions. The most important exception is when machines undergo cycles 
of activities and co-operate in some (but not all) of their phases with 
other cyclic machines. These, in turn, co-operate with each other in 
other phases and so on. The time taken in the various phases are ran¬ 
dom variables and so machines do not always reach the co-operating 
phases together. This induces a delay in one of the machines. The whole 
situation can be likened to a set of stochastic gear wheels clicking round 
irregularly. 

As a simple but illuminating example, consider an electric steel¬ 
making furnace. Such a furnace goes through a cycle of five phases: 
first, it is charged with pig iron and steel scrap; second, this is melted; 
then it is refined until the content of trace elements such as carbon have 
reached the required level; the resulting steel is poured (or tapped) 
into a ladle, and finally the furnace lining is repaired by charging a 
refractory material which replaces that lost by chemical erosion during 
the cycle. This last phase is known as ‘fettling’. 

The ladle used for tapping is held by a crane which removes it when 
full to a ‘teeming’ platform where it is poured into moulds. These 
moulds are mounted on a railway bogie which, after standing, is hauled 
by a locomotive to a stripping bay where the moulds are removed from 
the now solid steel. After stripping, the locomotive returns the empty 
moulds for refilling. Similarly, the ladle crane takes the empty ladle for 
cleaning before it is used for tapping again. 

In practice, the basket, crane and loco cycles are fast enough to ensure 
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that very little interference takes place, but often these machines serve 
several furnaces, when the congestion problem can arise. It is instructive 
to imagine that the various cycle times are similar so that the technique 
for simulating such a system can be developed. The complication of 
several furnaces and possibly several cranes and locos can be introduced 
later. 

The process can be described in the diagrammatic form of Figure 46. 

Each machine has a set of states corresponding to its various phases 
and distributions to describe the time spent in these phases. We must 
now introduce some notation. 

Let the machines be numbered 1 for the basket, 2 for the furnace, 
3 for the ladle and 4 for the loco. Let T t be the time the zth machine 
will finish its current phase (or if it is idle the time it finished its last 
phase); S t be the state of the machine (or if it is idle its last state). 
Number the states as follows: 


Basket Furnace 


Ladle 


Loco 


Charging 0 
Filling 1 


Charging 0 

Melting and 
Refining 1 

Tapping 2 

Fettling 3 


Teeming 0 
Cleaning 1 

Tapping 2 


Teeming 0 

Hauling full 1 

Stripping 2 

Hauling empty 3 


The activities of melting and refining can be coalesced as the furnace 
moves from the first to the second state without invoking any other 
machine. This also avoids the difficulty that the refining time may be 
partly dependent on the melting time. 

Let the time distribution of the /th machine in theyth state be 
T 0 be the current time, T 5 be the duration. Let S 5 be a dummy variable 
always taking the value 0. Suppose we wish to measure the times be¬ 
tween successive casts of steel being stripped. 

Then the programme must arrange to change the state and time asso¬ 
ciated with each machine as it reaches the end of each phase. The activi¬ 
ties of charging, tapping and teeming will demand special treatment as 
in each case two machines must have completed their preceding phases. 

The first attempt at the flow diagram might appear as shown in 
Figure 47. 

This diagram is seen to be very repetitive but not quite systematic; 
some of the exits to the ‘ ct /* routine do calculations, others do not. 
However, it is possible to determine for each machine as its state is 
changed whether or not a state change is automatic on leaving that state. 


I 


i=5 j=0 


4stqp| 




s 3 '=0 

S 4 '=0 

T 3 =T 0 +SAM R(3;0) 
T 4 '=VSAM R(4,0) 


Figure 47 
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Thus, for example, as the basket enters the state of charging, it can 
be predicted that, at the end of charging, filling will take place. 

The required systematisation can be achieved by introducing some 
more constants. Let C, be the cycle length of machine i and define b i} 
as one if machine i changes to its next state on leaving the state /; 
and zero otherwise. For machine 5, put b 5 0 = 2. Introduce variables 
B t to hold the current values of for each machine. 



Figure 48 

As a second problem, consider the problem of simulating the passage 
of traffic across time-sequenced traffic lights at a junction. 

Since the example is for illustrative purposes, we will assume that 
there is no entry to the side road so that we do not need to consider the 
blocking effect of traffic turning right into the side road. The lights go 
through a cycle first allowing the main traffic to flow (state 0), halting 
all traffic (state 1), allowing the side road traffic to enter the main road 
(state 3) and finally halting all traffic again before re-starting the cycle. 
Assume that the times in these states are fixed at t 0 , t u t 2 , h respectively. 

The rules for describing the passage of traffic across the junction 
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must allow for the fact that vehicles which cross from rest will take 
longer than those which arrive when there is no queue at the lights. 

The proposed rule divides the passage into two parts: in the first the 
vehicle moves from the queue into the junction and then in the second 
actually crosses. As soon as one vehicle has moved into the junction, 
another can start to move. In this way a continuous stream of traffic 
across the junction is achieved. If a vehicle arrives when there is no 
queue and it can cross, the first phase takes place instantaneously. 
Otherwise, the time a vehicle spends in the first phase is described by a 
distribution R, common for each of the three streams of traffic. The 
time in the second phase cannot be so described since the vehicles must 
leave the junction in order of arrival at the queue. To achieve this, a 
fixed time t A will be used. Vehicles arrive at the traffic streams with 
inter-arrival times given by distributions S U S 2 , S 3 . 

The rule for the passage of traffic is simply that it can cross if and only 
if the lights allow and there is no vehicle on the junction. 

Let the current time be T 0 , the current (or immediate past) first 
phase crossings for the three streams end at times T u T 2 , T 3 and the 
next arrivals of vehicles be at T 4 , T 5 , T 6 . Finally, let T 7 be time of the 
next change of the light, T 8 the time the crossing will be clear and T 9 
the duration. Let S denote the state of the lights and U u U 2i U 3 be the 
variables associated with the three streams of traffic taking the value 
one if the traffic stream can pass and zero otherwise. Let the queues in 
the three streams be Q it Q 2 , 0 3 . Stream 3 is chosen as the side road 
traffic and the purpose of the simulation is to measure the maximum 
queue developing in each stream. 

A possible scheme is shown in the following flow diagram (Fig. 49). 

There are some points of special interest in this example. The three 
times T u T 2 , T 3 are reset each time a new vehicle is taken from the 
queue by the routine labelled A. When the queue empties, these times 
will lag behind T 0 and the routine A will not be entered again. Vehicles 
can never start moving from a queue by A ; this is achieved by routines B 
and C which switch the U variables to allow traffic to move at the later 
of (i) a favourable light change and (ii) the junction becoming clear of 
traffic and, if there are vehicles queueing, resets T l% T 2 or T 3 and causes 
the junction to become busy with the first vehicle crossing. 

Vehicles which arrive when there is no queue proceed straight to the 
junction and only the junction clear time needs adjustment. 

The adjustment of the U variable is most conveniently done as shown, 
since if it is transferred to the right-hand side, two versions are necessary. 
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Figure 49 


one to adjust them when the lights become favourable if T s ^ T 0 and 
the other when the junction clears (T s — T 0 ), if the lights are favour¬ 
able. 

In this case the present numbering of the times is essential since the 
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adjustments to T 8 must be made prior to changing the IT s. This ensures 
that ‘tail-end Charlies’ do not get hit by a new traffic flow. 

Our third example concerns a machine shop machining foundry 
pieces. We assume, say, 3 machines served by one overhead crane which 
fetches the pieces from the foundry, helps with handling each piece 
part way through each processing and finally takes the machined pieces 
to a store. Suppose the loading time distribution is R { , the first process 
time is given by distribution R 2 , the handling time (shared with a crane) 
has distribution R 3 while the second process time and the unloading 
time are given by distributions R 4 and R 5 respectively. Finally, R b is 
the fetch-and-carry time distribution. 

A priority rule must be given for the crane in the event of competition. 
This is simply that handling will take precedence over unloading. The 
crane always reloads a machine as its next job after unloading it. We 
assume the purpose of the study is to estimate the idle time of the 
crane. The whole process is illustrated below for one machine. 



Figure 50 


We assign variables as follows: 

T 0 current time. 

T i, T 2 and T 3 the times the machines finish (or finished) their current 
phase. 

T 4 the time the crane finishes its current job. 

T 5 duration. 

$i> S 2 , S 3 the states of the machines. 

A.S.— 6 
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5=1 Loading 
5 = 2 First Processing 
5=3 Handling 
5=4 Second Processing 
5=5 Unloading. 

S 4 the name of machine which the crane is currently serving. 
W the crane waiting time. 

B u B 2 , B 3 , B 4 , B 5 organisational storage 

Put B s = 4. 

The flow diagram for a simulation is given below: 
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Here the use of the organisational variables has been taken a stage 
further and used systematically to ensure that the correct adjustments 
are made as each event occurs. 

The searches for the machine to service when it is known that a crane 
is available deserves mention. If no machines satisfy the side conditions, 
the cells /, T will not be set and the alternative exit is taken to by-pass 
the adjustments corresponding to the handling or unloading activities. 
If the first search is successful it is clear that the second cannot be so 
since T 4 is now greater than T 0 . 

Looking at these three very different examples as well as the later 
examples of queue systems, it can be seen that a general pattern emerges 
from them all. This can be expressed in the following flow diagram: 



The difference of roles played by the numbered and lettered sub-flows 
deserves comment. A numbered sub-flow is executed at a fixed time, 
i.e. immediately T 0 reaches a time associated with an event. If the sub- 
flow is prefaced by tests which fail, the executive part of the sub-flow 
will not be entered at any other time until some other sub-flow changes 
a time or ^-number. The purpose of the lettered sub-flows is to just so 
reinitiate the numbered sub-flows and to start activities which involve 
the occurrence of otherwise independent events. Examples of the use of 
lettered activities are: 

(i) processing an item on a machine involves both an idle machine 
and a non-empty queue, 

(ii) handling a piece involves both the machine having reached the 
stage where handling is required and that a crane is available. 
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From this general flow diagram and the examples which led to it, 
certain useful concepts can be defined which help in the description of 
flow charts. First, with every time variable, we associate a machine. 
Often this machine has a real existence, but sometimes an imaginary 
machine must be invented. Thus in the road traffic example there are 
imaginary vehicle loaders which take vehicles from a queue into the 
junction and an imaginary machine to measure the occupancy of the 
junction. 

The times associated with these machines define events of some kind, 
and often we associate this with a change of state of the machine. We 
are thus led to the concept of machine-states, which can be an arbitrary 
assignment of numbers to the different conditions of the machine. The 
phases of the furnace of the first example constitute a typical example. 
There is no restriction to a single variable for the specification of the 
state of a machine. 

When a machine i is made to start some activity, its state takes on a 
new number /, say, and the time T t is given by adding the process time 
to T 0 . The pair of instructions 

T\ = T 0 + t 
S'i = 7 

are spoken of as committing machine i to state / for time t ; this latter 
is usually provided by a sampling process, but this is not necessarily so, 
e.g. the traffic light machine of the junction example. The test that a 
machine is committed is that T, > T 0 . If this is not so (i.e. T t ^ T 0 ) 
the last activity has been completed and the machine is idle, or to use a 
less flavoured word, is available. 

A machine which has only one job, e.g. a server in a queue, need not 
have a state variable associated with it since the working state is equi¬ 
valent to being committed and the idle state is equivalent to being 
available. 

The various sub-flows adjust the states and times of machines to 
correspond to various activities on the plant and can conveniently be 
described as activities. The two types must be distinguished and the 
notation 5-activities and C-activities is introduced. C-activities are 
conditional ones describing co-operative activities. 5-activities are 
performed immediately a machine becomes available and often contain 
book-keeping instructions (hence 5 for book-keeping). The instruction 
to obey such a 5-activity on becoming available is associated with a 
machine and the machine is said to be engaged to the activity. Several 
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machines may at any time be engaged to the same activity, in which 
case the activity usually involves the machine name as a variable index. 
A variable index b t is associated with each machine to hold the name of 
the 5-activity required. By convention zero will be used for the null 
activity. 

With this structure understood the specification of a simulation 
becomes the specification of the machines, their states and initial condi¬ 
tions and the individual activities. Thus the simple single server queue 
simulation becomes in an obvious notation: 


Machine 

Name 

States 

1 

Arrival machine 

— 

2 

Server 

<2 the size of the queue 

M maximum size of queue 


Initial conditions T x — 1, b x = 1, Q = M = 0, T 2 == 0, b 2 = 0. 

51. Item arrives 
Increase queue by one. 

If queue now exceeds maximum adjust the latter. 

Commit the arrival machine for another 
fetch-and-carry time. 

Engage to B) . Figure 53 

In practice, since the engagement 
51 is not disturbed this does not require 
renewal in 51 and may be omitted. 

Cl. Item served 

If there is a real queue and the server is available, (pjcj) —* - HEXiT) 

*—-KExrrj 

Commit the server for a service and reduce 
the queue by one. 

It is tempting to represent every real machine in a plant by a time- 
state pair of variables, but this is not always necessary or desirable. 
Each machine so introduced lengthens the process for determining the 
time of the next event and if a group of service machines are involved, 
all offering similar service, a C-activity will make a search over these 
machines to find one available. 



Figure 54 
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To illustrate the point, suppose we are concerned with a set of nine 
lorries operating a cycle of arriving at a warehouse, waiting to be loaded 
by one of the five fork-lift trucks, travelling to a site and returning 
empty. The obvious procedure to determine the lost time of lorries 
waiting to be loaded is as follows: 

Machine Name States 

1-9 Lorries S', 0 loading, 1 travelling 

10-14 Trucks — 

Initial conditions - IF(total waiting time) = 0. 

51. Lorry Journeys 
Commit lorry to a journey. 

[Mark lorry as travelling.] 

Disengage lorry from 51. 

Cl. Loading 

Set to first crane and lorry. 

Find a lorry available [which has finished 
travelling]. 

Find a crane which is available. 

Record waiting time of lorry. 

Commit crane and lorry for loading 
time. 

[Mark lorry as loading.] 

Engage lorry to 51. 

Return for other lorries. 

Figure 55 

In Cl, the return to the *ct V instruction after committing the loaded 
lorry and crane is to ensure that all idle cranes and returned lorries are 
mated at the proper time. 

It is not necessary in fact to use a state for the lorries since the only 
use for this is in the first test in Cl. If a lorry is available at the time this 
activity is executed, it must be waiting for a load since loaded lorries 
are dispatched by 51 automatically before Cl is reached. Thus the 
expressions in square brackets can be omitted without loss. 

However, a greater economy can be achieved by noting that since 
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the trucks are used only for one purpose, it suffices to keep a count of 
the trucks available. This gives a simulation as follows: 



Initial value 

Waiting time W 0 

Available trucks Q 5 


Increase count of trucks available. Commit lorry 
for a journey time. Disengage from Bl. 

Ci 



Set to first lorry. 

If there is at least one truck available, 
find a lorry which is available. 

Record the waiting time. 

Reduce count of trucks available. 
Commit lorry for a loading time. 
Engage lorry to Bl. 



Figure 56 


If a wheel diagram is drawn it is seen that the truck cycle has only one 
element in it. This is an indication that a mere count of the trucks 
available will suffice. 



Figure 57 


Similarly the type of activity required (5 or C) is revealed by the 
diagram. Loading must be a C-activity since it involves the co-operation 
of machines (even if these are represented by counts) but travelling can 
be a 5-activity as it occurs unconditionally after loading. 

We now consider two further examples. The first is a simple queueing 
process. Items join a queue with a given distribution of inter-arrival 
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times, to await processing by a machine. The items are dealt with singly 
and the process times are independent samples from a given distribution. 
After processing, the items enter a stock. The stock is dispatched at 
regular intervals in batches of m items. If the stock is less than m items, 
no dispatch is made. 

Write a simulation to determine the maximum queue which develops, 
the idle time on the machine and the number of missed dispatches, 
given 100 items in stock initially, an empty queue, an idle machine, a 
dispatch interval of 50 units, a duration of 500 units, and a batch size of 
35. 

Make an allocation as follows: 


Machine 

Name 

States 

Initial Conditions 

1 

Arrival 

machine 

— 

T 1 = 1 m/c arrives 

immediately 

2 

Process 

machine 

Q queue 

U cumulative idle 
time 

M maximum queue 

T 2 = 0 m/c idle 

<2 = 0 

U= 0 

M — 0 

3 

Dispatch 

machine 

S items in stock 

W missed dispatch 
count 

T 3 = 1 dispatch starts 
immediately 

5- 100 

W=0 


Also set initially b t = 1, b 2 = 0, b 5 — 3, b± — 4. 


Use distributions Rl and R2 for inter-arrival times and process times 
respectively. 


B\. Arrivals 

When the arrival machine returns, sample 
a fetch-and-carry time, commit the machine 
to fetch-and-carry, increase the queue of 
items at the process machine by one and if 
the queue is now larger than the current 
maximum, adjust the latter. The initial 
engagement to B l still holds and this 
machine repeats this cycle indefinitely. 


T,' =T 0 +SAM Rl 
Q' =(3+1 


-o— 4 exTT1 
h —'Em] 

Figure 58 
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B2. Increase Stock 

When an item finishes being processed on the 
process-machine, increase the stock by one 
item. The machine remains available until 
C2 recommits and engages it. 


B3. Dispatch 

When the dispatcher returns for the next 
delivery, test if there are at least 35 items in 
stock and, if so, reduce stock by 35, and 
commit the dispatcher until the next dispatch 
time. Otherwise do nothing. Cl will then 
count the delay and dispatch the dispatcher. 



S >/35)—#-* CxiTl 

—» |exTt1 


S' = S -35 
T 3 '=T o+ 50 


B4. Printing 

When the printing machine arrives at the PRINT M 

end of the run, print the results. PRINT U 

PRINT W 

Figure 59 


Cl. Delays in Dispatch 

If the dispatch machine is available (which 
can only happen if B3 failed to dispatch 35 
items), count a delay and commit the dis¬ 
patcher until the next dispatch time. 


■HEED] 


V=T 0+ 50 

W'=w+1 


HexitI 


C2. Reduce Queue 

If the process machine is available and 
there is a queue of items for it, sample a 
process time for next item, add idle time to 
the cumulative total, remove one item from 
the queue and commit the machine to pro¬ 
cess the item. 



The ordering of the machines is relevant to the success of this model. 
B2 is entered before B3, since the machines involved are in that order. 
The stock is correctly increased before the test for 35 items is made. 

A.S.— 6 * 
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The second example concerns a circular bus route which is served by 
8 buses each able to carry up to 56 passengers. There are 12 bus stops 
around the route, and the length of each passenger journey is an 
independent sample from one distribution of journey lengths. Pas¬ 
sengers join queues awaiting buses at each stop with inter-arrival times 
which are independent samples from distributions particular to each 
stop. The length of time any bus takes to travel from one stop to 
another is an independent sample from a distribution of stop-to-stop 
times. 

The disembarkation and embarkation times for passengers at each 
stop are calculated as 5 units for the first passenger and an extra unit 
for each successive passenger. 

Write a simulation to determine the maximum queue which is likely 
to develop at each bus stop. 


Machine Name 


1-8 Buses 

Ui the next stop for the bus i 

P t the number of passengers on the bus i 

Qi the number of passengers joining the bus 
i at the current stop 

9-21 Stops 

Qi actual queue at the stop (z-8) 

(Passenger 

M t maximum queue at the stop (z-8) 

arrival machine) 

jP( r>S ) number of people on the rth bus due 
to alight at the 5th stop 

W working space 


Let the inter-arrival distribution for /th stop be R t and the travel 
time distribution to stop j be Sj. Let the journey distance distribution 
be J. 

Engage all stops to 51 (b 9 = b l0 = ... = b 21 = 1) and all travelling 
buses to B2. Enter 53 on duration. 


51. Bus Stop Queue 

Add passenger to queue. Reset loading time 
for first passenger. Commit arrival machine 
to next arrival. 


Adjust maximum queue if necessary. 



Figure 61 



B2. Disembark 
Disengage machine. 

Pick up stop number. 

If there are passengers on this bus to 
alight at this stop, 

remove first passenger, 
calculate alighting time, 
adjust passenger lists and commit the 
bus to unload. 

Figure 62 

B3. Printing 

Print the values of M 9 . . . M 21 . 

Cl. Load Passengers 

Find an available bus, with empty seats, 
which is at a bus stop with a non-empty 
queue. 


Sample a journey distance (number of 
stops travelled) and determine the des¬ 
tination of the passenger. 

Adjust the count of passengers on the bus 
alighting at that stop; the number of 
passengers on the bus and the number 
embarking at the stop. 

Repeat until the bus is either full or no 
queue is left. 

Remove first passenger. 

Allow time S to load passengers. 

Adjust S' for ‘late-comersk 
Calculate rest of loading time. 

Reset count of passengers embarking. 
Commit bus. 

Return for other buses, if any. 



Figure 63 
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C2. Starting 


Find a bus which is available 
(but with no passengers to load). 


Calculate the next stop and 
commit bus for journey. 

Engage to B2. 



Figure 64 


In this example, the ordering to the C-activities is important since 
buses which are available after Cl must be ready to depart. If the order 
were reversed, extra tests would be needed to establish that it was ready 
to depart. 

The entities called machines need not be conventional machines. A 
powerful variant of the technique is available if a known group of items 
are to be processed by a series of machines. Each item undergoes a 
series of process 1, 2, k using one of n } machines of 

type j for the jth process which takes a time given by a distribu¬ 
tion Rj. 

The m items to be processed are called machines 1, .. i, . . . m and 
each has a state associated with it—the stage of processing reached. 
Suppose we require the intervals between items leaving the system, 
assuming that items enter the system in order and are dealt with at each 
process in order. 


Machines Name State 

\-m Items S j: during /th process or waiting for (y-M)th 

process 

Qj number ofyth process machines available 
W last time item left system 
M count of items 


All machines are engaged to 51. 



B 1 


Set / to state of returning 
item. 

Find an item which is 
available in state / — 1, if 
any. 

Commit it to process /. 

If no such item, increase 
count of available 
machine of type /. 


If last process, print in¬ 
terval and test for last 
item. 


Otherwise, test if any 
machines available for 
next process. If so, re¬ 
duce count of such 
machines and commit 
item to the process. 



Figure 65 


No C-activities are required since the 5-activity looks back to see if 
the present process has a queue (formed by earlier processes being 
completed when no machines were available) as well as forward to see 
if the next process can start. 








166 


THE ART OF SIMULATION 


By keeping further counts Cj, say, of the queue sizes, the unsuccessful 
searches can be avoided. 



Figure 66 


If some of the processes involve, in addition to the basic processing 
machine, an ancillary machine, such as a crane, and a group of these 
are available for common service, then this simple model breaks down. 
However, it is still possible to retain the same basic structure. 

Associate with each process a constant k t taking value one if a crane 
is needed, zero otherwise. It is also necessary to specify in the event of 
competition which process shall have the use of a crane when it becomes 
available. This is achieved by associating with each process u a priority 
number p u and choose that process from those with non-empty queues 
and the necessary machines available which has minimum priority 
number. 

A C-activity is now necessary. The 5-activity becomes, using L for 
a count of cranes: 
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Cl 

If a crane is available, find 
the process with minimum 
priority number for which a 
crane is needed and at least 
one machine and one item 
are available. 


Find such an item. 


Reduce count of cranes, items 
and machines and commit item to 
selected process. 


Figure 68 

The mechanism for stopping the simulation is now on the count M 
and, if the duration mechanism is built into some standard structure, 
the duration must be set very large to prevent it stopping the simulation 
prematurely. A little care is required with the initial conditions to 
start the simulation. 

If the conventional approach is taken a very long list of machines 
is produced (of length Ypj), and as each machine finishes processing 
an item the long list of items must also be scanned to find a suitable 
one to process next. If one is not available, a second activity is required 
to search for a suitable machine when such an item is released by an 
earlier machine. 

The technique used throughout the examples of this and the preceding 
chapters has been one in which the simulated time is advanced by 
irregular steps to the next significant event and these steps are found 
by scanning a relevant set of times. An alternative procedure is to 
advance time by a regular amount and then determine if any event 
has occurred in the interval. 
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This method has the disadvantage that for an equivalent accuracy 
the number of time-advancing steps is greatly increased without reduc¬ 
ing the number of time comparisons made at each advance. Also the 
possibility of every activity is questioned at each time advance. 

The constant time step technique has now been discarded by most 
workers for the event tracing type of simulation. 

It is possible, however, to describe some processes at least approxi¬ 
mately by counts of the numbers of events in a fixed time period, and 
then constant time advance becomes desirable. 

A simple queue simulation can be constructed in this manner. 
Consider a long queue in front of a machine which can deal with X 
items per hour. The quantity X is considered a random variable, which 
can be directly observed from the plant. Similarly, the input to the 
queue can be described by the number of items Y arriving in each hour. 
Then the throughput in the rth hour is given by the recursion 

T r = min (X n Z r + Y r ) 

where Z,. is the stock at the beginning of the hour. This simply states 
that the throughput is the potential throughput or the total available, 
whichever is the lesser. 

The stock at the end of the hour is 

Z r+1 = Z,+ Y r -T r = max (0, Z,+ Y,.-Z,.) 

In these equations X n Y n are samples from two distributions. 

These formulae are only approximate as it is assumed that all the 
items to arrive will be available when the service needs them. In fact, 
part of the variability of the number processed arises because delays may 
be caused to the server by the lack of items to serve. Some allowance is 
made for this in the distribution of X , but without discrimination. Large 
values of X should not appear when Y+Z is small, since this is when 
delays are likely to reduce the throughput. 

There are systems where the scheme is quite accurate. Consider a 
large stock which will never run out, replenished by arrivals and used 
by two processes in tandem. Assume from the nature of the product 
that no stock may accumulate between the processes. 

In the case when the natural throughput of each process is given by 
a distribution, then the throughput of the tandem process is 

min (Z, Y) 
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If the stock is Z and the input is U per hour and the output is T, we 
have the recursion 

T r - min ( X r , Y r ) 

Zf+1 = Z r +U r — T r 

The difficulty, in this case, is to determine the free distribution of 
throughput for each process. It requires records showing periods when 
process 2 was waiting for items (to estimate for process 1) and periods 
when process 1 was held up continuously by process 2 (to estimate for 
process 2). 

Even in this case, there are end effects between successive hours 
which are not quite accurately dealt with. An exact number of pieces 
are rarely dealt with in each interval and the partial process times must 
be rounded up or down. A little care is needed to prevent bias. 

The technique is best used for quick surveys of a situation where the 
number of items involved in each interval is quite large (say, 20 to 50 
items). 


CHAPTER 13 


DESIGN OF SIMULATION EXPERIMENTS 

The preceding chapters have described how to produce efficient 
computing procedures for simulating a complex industrial plant. Each 
run of such a procedure has produced a single vector of answers. These 
can be thought of as a single statistic produced by a complex procedure 
from the whole set of random variables which represented various time 
processes involved. Thus the value so produced is liable to fluctuation 
and repeated runs are necessary to establish the magnitude of this 
variability and to reduce the sampling error on the overall mean value 
quoted. 

The simple procedure of repeating runs, treating these as independent 
sample values until variability has been reduced to the desired level, is 
not usually feasible as the computing labour to obtain a single sample 
value is quite high and the quantity under examination is often highly 
variable (in fact, if it were not so, some estimate of its mean value could 
be found by a deterministic approximation in most cases). 

Thus it becomes desirable to utilise the variance reducing techniques 
that have been considered for Estimation in Chapter 9. The three 
techniques described there can be listed as the use of: 

(i) stratification; 

(ii) control variates; 

(iii) antithetic variables. 

For successful stratification, it is necessary to devise strata for which 
either the probabilities of a sample of input variables falling into the 
strata are known, or given that the input variables have so fallen, the 
conditional expected value of the quantity under estimation can be 
calculated. 

The possibility of determining a partition for which either of these 
conditions can be met is remote in industrial simulation and will not 
be further considered. There is, however, one similar device that can 
occasionally be used. Suppose the simulation involves the use of a set 
of k similar machines and the rules for using them are symmetrical, i.e. 
no priorities are involved, and when a choice of machines is available 
for a job a random selection is made. Suppose moreover that the 
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utilisation of the machines is low, so that over the duration studied an 
appreciable proportion of the runs made (from randomised starting 
conditions) do not use all the machines. 

Now suppose that the number of runs involving machines i u / 2 ,.. i r 
is rt(i j, / 2 , .. ., /,.) and the average response from these runs is 
Z(i x i 2 , .. •, Response is used here as a neutral term for the quantity 
being estimated. It may, for example, be a total delay time on a machine, 
an output, the maximum length of a queue, the number of delays or the 
mean delay on a machine. 

Now the usual estimate can be written as 

X n(i l9 i 2 , •.4)Z0‘i, i 2 , • • 4)/X 'Hu, h, • • •> Q 

p p 

where p is the set of all possible sub-sets of k objects. 

However, from the symmetry of the stratification, the probability 
of falling in the class (i u i 2 , ..., i r ) can be written as p r depending only 
on r, the number of machines, and not on the individual names of the 
machines. This fact can be utilised in the estimation by using the 
estimate: 

Z = j I 2>0l. • • •. »'r) E Z('L »2. Of /l >2. • • • . ir)) 

(r=0 Pr Pr )l P 

No satisfactory analysis of the reduction of the variance using this 
estimate seems available and great caution should be used to ensure 
that the symmetry conditions apply, otherwise bias can be introduced. 

The application of the control variate is quite straightforward. Select 
any time distribution involved in the simulation which clearly affects 
the response. For example, if the response is the time taken by a simple 
queue system to deal with a fixed number of items, then an important 
distribution is the process time distribution. We would expect the 
average of the process times actually experienced in any run to be 
positively correlated with the response from that run. As another 
example, the average cycle time of a furnace will be positively correlated 
in a simulation run with the time to achieve a given output. 

Since the distribution from which these sample variables are drawn is 
known, the true average value is known and thus the conditions for the 
control variate techniques are all satisfied. 

Moreover, the extra work required to calculate the control variate is 
quite small and in most cases can be neglected. In this case, the tech¬ 
nique always shows an economy. 
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In many cases, of which the two examples are typical, the natural 
response is negatively correlated with the control variate. The natural 
responses in the two examples are output in a fixed time (i.e. propor¬ 
tional to the reciprocal of the response suggested). This can be dealt 
with by noting that if y and z are negatively correlated — y and z are 
positively correlated. 

Thus the variable estimated is z+ay and a is chosen by the method 
of least squares. Formally there is no difference and the sign of the 
estimate of a is an indication of whether y should be regarded as posi¬ 
tively or negatively correlated with z. 

In experiments of this kind there are often several variates which 
can be used for control. The control variate technique can be extended. 
Suppose the response is z and the control variates are y\, y 2 , ..., y m . 
Then the variate estimated is 

m 

z + I “iJi 

i= 1 

and the coefficients a l , a 2 , ...» a m can be estimated by the method of 
least squares as before. To avoid bias, the partition of the total sample 
into k equal parts can be used to prepare k estimates of a l9 a 2 , .. a m 
independent of the sub-sample means z, y t , y 2 , . .., y k . 

The technique is closely akin to that of the analysis of co-variance 
used to utilise the known values of concomitant variables. In this 
analysis, a linear law for E(z) as a function of y u y 2i ..., y k is usually 
assumed, but the analysis of Chapter 8 shows that this is not strictly 
necessary for the validity of the method. If the linearity does hold the 
partitioning of the sample is unnecessary. However, in most cases this 
linearity is most unlikely, and the extra cost of the full analysis is justi¬ 
fied. 

Turning now to the method of antithetic variates, we note that if an 
effective control variate has been found, a run in which the samples 
from the distribution in question have tended to be greater than the 
true mean (leading to an average greater than the true mean) then the 
response will tend to be greater than its true mean. If a companion run 
can be made in which each sample from the distribution is negatively 
correlated with its mate, then the response from the run will tend to be 
less than its true mean. Similarly, if the samples from the first distribu¬ 
tion tend to be below average. Thus the two responses will be negatively 
correlated. 

It now remains to see how to ensure the negative correlation in the 
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samples from the control variate. If these are obtained by the inverse 
cumulative distribution transformation this is easy. If the uniform ran¬ 
dom variable £ chosen is greater than a half, the resulting variable is 
greater than the median (and hence tends to be greater than the mean). 
On the other hand a uniform variable less than a half leads to a variable 
less than the median. If the two runs are sampled by using £ and 1 — { 
respectively, then the resulting variables are negatively correlated. 
{ and l-£ are negatively correlated with coefficient —1 and the non¬ 
linear transformation merely reduces the magnitude of the correlation 
but it will always remain negative. 

The advantage of using pseudo-random numbers for uniform 
random variables now becomes clear. This not only allows a run to be 
reproduced by starting each generation at the same initial value but also 
enables the negative correlation required to be obtained in two ‘anti¬ 
thetic’ runs. Each individual process is provided with its own generator 
giving uniform random variables u u u 2 , ..., for the m samples 
used in the run. 

In the first run the transformation is effected using u u u 2 , ..., u m 
as the independent variables. In the second run the variables used are 
1 — u lt 1 — w 2 > 1 — w 3 , ..., 1 —u m . All other generations from other 
distributions are started at the same initial value in the two runs. 

In practice, the different times generated may involve a different 
number of samples being taken on the two runs, but this has no serious 
effect although it does tend to weaken the correlation effect. 

By symmetry we can argue that the variance of the response on 
these two runs will be equal and use their average as an estimate of the 
mean response. Even if in some obscure way the assumption of negative 
correlation is not justified the estimate is still valid. 

If a total of 2 n runs are to be made, suppose n pairs of runs are made 
yielding estimates z h z[. The starting conditions for each of a pair are 
identical, but the different pairs are started with arbitrary conditions 
including random choice of initial values for each pseudo-random 
number generator. 

The estimate of the response is merely 

+ z i') 

In ;=i 

An estimate of variability is required and the best is obtained from 

s 2 = —Lm Zj _j) z + z (z ;-r) 2 } 

2(«-l) 
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This is the appropriate variance for a typical response starting from 
random conditions. The estimate 


—-2{( Zl+Z D-(z+r )} 2 


is not valid for this purpose although it is the correct estimate to use 
when estimating the sampling error in £. 

An extension to utilise several control variates is possible. It is best 
not to change more than one variable at a time since a second change 
may weaken the correlation caused by the first one. If there are k 
distributions R\, R2, ..., Rk to be used as sources of antithetic vari¬ 
ables we may proceed thus. Choose a sample size n. 2 k . In each of n sets 
of 2 k samples allot the sampling procedure as in a 2 k factorial experi¬ 
ment. Associate a vector v u v 2 , ..., v k with each sample. If v\ = 0, 
treat the distribution R i normally; if v* = 1 use the variable 1 -u- in the 
transformation to R t . 

For k = 3, the following table illustrates the arrangement 


SAMPLE 1 2 3 4 5 6 7 8 

Rl u x 01010101 
R2 u 2 0 0 1 1 0 0 1 1 

R3 u z 0 0 0 0 1 1 1 1 


The pairs (1,2), (3,4), (5,6) and (7,8) form antithetic pairs from 
distribution Rl and their averages can be denoted by V, 2', 3', 4'. 

The pairs (T, 2'), (3', 4') are antithetic pairs from distribution R2 
and their averages form an antithetic pair for R3. The grand average z 
is taken as the sample value and the final estimate is taken as the grand 
average of the n such values. The estimated sampling error is found from 
the mean square deviation of the z’s but the expected variability of the 
response on the plant itself is derived from the mean of the 8 mean 
square deviations of the sets of n commonly treated runs. 

Since n should be kept fairly high so that this latter estimate is not too 
imprecise, the size of k is restricted to 2 or 3 in practice. 

The control variate technique may be applied to the combined vari¬ 
able z using either the antithetic distribution or preferably some other. 

If a fixed accuracy of estimate is required, the sequential procedure 
given in Chapter 8 can be used. 

Even if in any particular case, these techniques do not cause any 
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drastic reduction in variation, they cost so little to implement that they 
are always to be recommended. 

The methods of generating starting conditions merit some comment. 
In a complex simulation it is very difficult to concoct sensible starting 
conditions if these are intended to be typical of the state of the plant 
when inspected at random. If the plant closes down at frequent intervals 
(each day or each weekend) then the real starting conditions are easy 
to determine and each run can be started from there. But if the plant 
runs are very long a start of the simulation from ‘typical’ conditions is 
required. 

There can be no general theory of how to do this but the technique 
most favoured is to invent starting conditions and allow the simulation 
to proceed for some time and take the final conditions as the initial 
conditions of the genuine run. This raises the question of how long to 
make the preliminary run and again no definite answer is possible. A 
general requirement is that the longest cycle in the plant should have 
been executed at least 3 or 4 times before transient abnormal behaviour 
induced by non-sensible starting conditions can be expected to have 
died away. 

It also needs a decision whether successive runs shall consist of wholly 
independent runs (started as described above) or shall be obtained by 
using the final calculation of one run as the start of the next. This 
should certainly not be done if real plant runs are only short and the 
continued running of the plant may reveal instabilities that are never 
given time to develop in the real plant. For example, a queue may operate 
with input faster than average output but this will not matter if the 
remaining items at plant close down are dealt with differently during 
the shut-down. 

The theoretical solution to this problem depends on whether the 
response in one period is positively or negatively correlated with that 
in the next period. In the former case, separate starts should be used in 
the interest of variance reduction. In the latter case, continued runs are 
better. In practice, the labour of making valid fresh starts weighs heavily 
in favour of continued runs. 

An allied question is the length of time that should constitute a run. 
This should be related to the purpose of the simulation and is rarely 
settled by statistical considerations. A plant with short real runs should 
be simulated for complete runs so that end effects are consistently 
dealt with. Plant with long runs can be dealt with by shifts, days or 
weeks. In case of doubt as to which is an appropriate duration, the 
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shorter should always be chosen as results can always be amalgamated 
but not broken down. The extra printing involved should not be an 
intolerable burden. If it appears so, the responses should be stored in 
the computer and re-processed to give a small amount of output. 

So far it is assumed that the purpose of the simulation is to estimate 
some quantity as accurately as possible. In the first stages of an in¬ 
vestigation this is necessary to test a simulation of an actual plant as a 
means of verification of the validity of the model. However, a model 
that exactly reproduces an existing plant is of little value (except 
possibly for educational and training purposes), since the plant itself 
can give all the information that the model can. 

The second stage of the investigation is to change the model to 
represent a proposed change of the real plant. The purpose of the 
simulation runs then is to measure the effect of this on the response. 
The interest now shifts from absolute values to comparisons and we 
accordingly turn to the problem of designing the runs to enhance the 
accuracy of such comparisons. 

Consider the simple situation in which two models are to be com¬ 
pared. It is assumed that the models differ only in some small part 
(even though we hope it to be an important difference!) and that most 
of the input distributions are the same. The usual differences are either 
in the number of ancillary machines offering service or in the rules of 
behaviour of the machines under different circumstances. 

Clearly two runs, one on each model, are likely to give a better esti¬ 
mate of the difference between the models if initial conditions and 
process times are the same than if not. 

This pair of runs is made from the same initial conditions and using 
the same initial pseudo-random numbers for the distributions (if one 
model contains extra or different distributions a random choice is made 
for these). The difference of the responses is taken and this is treated as 
a response and the pair of runs treated as a single run. Both the control 
variate technique and the antithetic treatment can be used and se¬ 
quential estimation used, if desired. 

As before, if variance reducing techniques are used, careful distinction 
must be made between the sampling error of the estimate and the 
variance of the statistic in the population. 

The same process can be applied if three or more different models 
are to be tested. 

If there are t models then n sets of t runs are made, each member of 
each set starting from common initial conditions and using a different 
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one of the k models. Differences between averages for the n runs on 
each model give estimates of the model differences in which a large 
amount of the variability has been removed. 

The number of sets, n, should be kept as large as possible in order 
that the differences are measured over as widely a differing set of condi¬ 
tions as possible and to enable the population variability of the re¬ 
sponses to be measured. If t becomes large, this implies a very large 
number, nt , runs and this may be prohibitive of labour. 

The solution then lies in using n incomplete sets of runs—incomplete 
in the sense that not all k models are represented in each set. In fact, 
we adapt the theory of block experiments to the situation. The blocks 
consist of the sets of k runs with common initial conditions, the 
treatments are the t different models and the plots are the individual 
runs. 

Our treatment of the case t = k = 2 is a paired comparison experi¬ 
ment. The case of small k — t is dealt with by a complete randomised 
block experiment. For large t we must use incomplete block experi¬ 
ments. 

Randomisation would play no useful role in the experiments as so 
far described since each run of a set will produce an identical response 
if ‘treated’ with the same model. The purpose of randomisation is to 
make that true of the expected response. There may be some merit in 
not making the initial conditions of the runs in a set identically equal 
but allowing some minor variations so that the assumptions of the 
analysis technique used for the experiments are approximately valid. 

The whole repertoire of designs available for real experiments is now 
open to us in our simulation experiments. The whole subject is too 
large to be dealt with here and the reader must look elsewhere for more 
detailed information. 

However, one design is so useful that a brief description is desirable. 
This is a special case of a balanced incomplete block design. In general 
this is a design arranged so that every model is run equally often and 
every pair of models are run together in the same number of blocks. 
The simplest case of this is when k — 2 and each block is just one pair. 
Since there are k C 2 pairs the number of blocks is a multiple of this. 
For example with 5 models (labelled 1, 2, 3, 4, 5) the 10 blocks of a 
single replicate consist of the pairs (1,2), (1,3), (1,4), (1,5), (2, 3), 
(2, 4), (2, 5), (3, 4), (3, 5), (4, 5). At least two replicates are desirable 
if the population variability of any difference is to be estimated. The 
analysis will ordinarily assume equal variability of response in all 
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models and hence in all differences. To test this would require many 
replicates. 

This design and the extension of it, known as partially balanced 
designs, assume no structure to the set of models under test. However, 
often this set has been generated in some systematic way. For example, 
the models may be developed from the real plant by adding a storage 
tank of capacities 10, 15, 20, 25 units, by adding 1,2, 3 extra cranes in a 
machine shop, or by trying two variants of a queue discipline on each 
of three queues (8 models in all). 

In the first examples, the ultimate purpose will be to draw a graph 
of response against an independent variable. In the last example, we 
have a factorial arrangement of 3 factors (queue) at 2 levels. This is a 
very common structure to experiments and the theory of the design 
of experiments has concentrated a good deal of attention on the prob¬ 
lem of designing new experiments. 

Once again the reader must look elsewhere for details. 

In any experiment with t models, although there are %t(t— 1) differ¬ 
ences that can be studied, only t — 1 of these are independent and there 
is some skill in choosing the appropriate combinations. For example, 
if z u z 2 , z 3 are the three responses with 1, 2, 3 extra cranes, the com¬ 
ponent i(z 3 — Zj) measures the average increase in response per extra 
crane while z 3 -2z 2 J \-z Y — (z 3 — z 2 ) — (z 2 — z 1 ) measures the change in 
increase of response as the nftmber of cranes increase. 

The independence of the / —I differences is in an algebraic sense. This 
is quite distinct from the statistical dependence or correlation between 
estimates of various differences. It is the distinguishing feature of com¬ 
plete block designs that algebraic independence implies statistical 
independence (at least under some mild assumptions). All incomplete 
block designs give correlated estimates of responses. Of course, it is 
possible to determine special comparisons (of differences) that are 
independent, but unless the experiment has been specially designed to 
achieve this, they are unlikely to be comparisons that are of interest. 

The whole field of experimental design for simulation experiments is 
in its infancy and offers a fertile field for further research. 



REFERENCES 


F. J. Anscombe(1953), Sequential Estimation, J. Roy. Statist. Soc. A,XV, No. 1. 

S. Beer (1957), The Mechanical Simulation of Stochastic Flow, Proc. First 

Inter-Conf ORSA, Baltimore, 166-75. 

B1SRA Publication (1959), Symposium on Computer Simulations, Sheffield. 

E. Bofinger and V. I. Bofinger (1958), A periodic property of pseudo-random 
sequences, J. Assoc. Comp. Mach., 5, 261-5. 

G. E. P. Box and M. E. Muller (1958), A note on the generation of normal 
deviates, Ann. Math. Stat., 28, 610-11. 

S. W. Broadhurst and D. T. Harmston (1950), An Electronic Traffic Analyser, 
Post Office Electrical Engineer's Journal, 42, 181. 

J. C. Butcher (1961), Random Sampling from the Normal Distribution, The 
Computer Journal, 3, No. 4. 

J. W. Butler (1956), Machine Sampling from given Probability Distributions, 
Symposium on Monte Carlo Methods, 249, New York: Wiley. 

J. Certaine (1958), On Sequences of Pseudo-Random Numbers of Maximal 
Length, J. Assoc. Comp. Mach., 5, 353. 

J. M. Cook (1957), Rational formulae for the production of a spherically 
symmetric probability distribution, Math. Tables Other Aids Comp., 11, 81. 

R. R. Coveyou (1959), Serial Correlation in the Generation of Pseudo¬ 
random numbers, J. Assoc. Comp. Mach., 6, 72-4. 

D. W. Davies (1954), Discussion on Symposium on Monte Carlo Methods, 
J. Roy . statist. Soc. B, 16, 1. 

P. Davis and P. Rabinowitz (1956), Some Monte Carlo experiments in com¬ 
puting multiple integrals, Math. Tables Other Aids Comp., 10, 1-7. 

H. J. A. Duparc, C. G. Lekkerkerker and W. Peremans (1953), Additive 
Congruential Methods for Pseudo-Random Numbers, Math. Centrum., 
Amsterdam. 

A. R. Edmonds (1959-60), The Generation of Pseudo-Random Numbers on 
Electronic Digital Computers, Computer Journal, 2, 181-5. 

W. Feller (1950), An Introduction to Probability Theory and its Applications , 
Vol. 1, 1st ed., New York: Wiley. 

E. C. Fieller and FI. O. Hartley (1954), Sampling with Control Variables, 
Biometrika, 41, 494-501. 

R. A. Fisher and F. Yates (1948), Statistical Tables, Oliver & Boyd, 104-9. 

G. E. Forsythe (1951), Generation and testing of random digits at the 

National Bureau of Standards, Los Angeles, Monte Carlo Method, National 

Bureau of Standards AMS 12 (U.S. Government Printing Office, Washing¬ 
ton, D.C.), 34-5. 

I. J. Good (1953), The Serial Test for Sampling Numbers and other tests for 

randomness, Proc. Comb. Phil. Soc., 49, 2, 276 84. 

R. E. Greenwood (1955), Coupon collectors’ test for random digits, Math. 
Tables Other Aids Comp., 9, 1. 

M. Greenberger (1961), An A Priori Determination of Serial Correlation in 
Computer Generated Random Numbers, Math. Comp., 15, 383-9. 

F. Gruenberger and A. M. Mark (1951), The d 2 Test of Random Digits, 
Math. Tables Other Aids Comp., 5. 

J. H. Halton and D. C. Handscomb (1957), A Method for Increasing the 
Efficiency of Monte Carlo Integration, J. Assoc. Comp. Mach., 4, No. 3. 


REFERENCES 


181 


P. C. Hammer (1951), The mid-square method of generating digits, Monte 
Carlo Method , National Bureau of Standards, AMS 12 (U.S. Government 
Printing Office, Washington, D.C.) 

J. M. Hammers ley and J. G. Mauldon (1956), General Principles of Anti¬ 
thetic Variates, Proc. Camb. Phil Soc ., 52, 3, 476-81. 

J. M. Hammersley and K. W. Morton (1956), A New Monte Carlo Tech¬ 
nique: Antithetic Variates, Proc. Camb. Phil. Soc., 52, 3, 449-75. 

J. M. Hammersley and K. W. Morton (1954), Poor Man’s Monte Carlo, 
Symposium on Monte Carlo Methods, J. Roy. Statist. Soc. B, 16, 23-38." 

C. Hastings (1955), Approximations for Digital Computations, Princeton 
University Press, Princeton, N.J. 

R. K. Hayward and E. L. Bubb (1957), E.R.N.I.E., Post Office Electrical 
Engrs' J., 50, 1-6. 

Ar. K. Hayward, E. L. Bubb and H. W. Fenson (1957), Computer Selects 

| Premium Bond Winners, Electronics, 30, 7, 138-43. 

J. S. Hicks and R. F. Wheeling (1959), An Efficient Method for Generating 
Uniformly Distributed Points on the Surface of an n-dimensional Sphere, 
J. Assoc. Comp. Mach., 2 (4). 

D. L. Johnson (1956), Generating and testing Pseudo-Random Numbers on 
the IBM Type 701. Math. Tables Other Aids Comp., 10, 8-13. 

M. L. Juncosa (1953), Random number generation on the BRL high-speed 
computing machines, Report No. 855, Ballistic Research Laboratories, 
Aberdeen Proving Ground, Maryland. 

H. Kahn (1949), Modification of the Monte Carlo Method, Scientific Com¬ 
putation Seminar Proceedings, IBM Applied Science Dept. 

H. Kahn (1954), Revised 1956, Applications of Monte Carlo, RAND Project 
Report, RM-1237-AEC. 

M. G. Kendall and B. Babington Smith (1938), Randomness and random 
sampling numbers, J. Roy. Statist. Soc., 101, 147-66. 

M. G. Kendall and B. Babington Smith (1939), Second paper on random 
sampling numbers, J. Roy. Statist. Soc. Suppl., 6. 51-61. 

W. O. Kermack and A. G. McKendrick (1937), Tests for Randomness in a 
Series of Numerical Observations, Proc. Roy. Soc. of Edinburgh. 

W. O. Kermack and A. G. McKendrick (1937), Some Distributions associated 
with a randomly arranged set of numbers, Proc. Roy. Soc. of Edinburgh. 

D. H. Lehmer (1954), Description of ‘Random Number Generation on the 
BRL high-speed computing machines’, Math. Rev., 15, 559. 

D. H. Lehmer (1951), Mathematical methods in large-scale computing units, 
Proc. Second Symposium on Large-scale Digital Calculating Machinery, 
Harvard University Press, Cambridge, Mass., 141-6. 

J. R. Lion and K. S. Lion (1959), Electric System for Random Selection of 
Two Alternate Circuits, Rev. of Scientific Instruments, 30, 4. 

P. C. Mahalonobis (1934), Tables of random samples from a normal popula¬ 
tion, Sankhya, 1, 289. 

G. Marsaglia (1961), Expressing a random variable in terms of uniform 
random variables, Ann. Math. Stat., 32, 3, 894-98. 

G. Marsaglia (1961), Generating exponential random variables, Ann. Math 
Stat., 32, 3, 899-900. 

N. Metropolis and S. Ulam (1949), The Monte Carlo Method, J. Am. Statist. 
Assoc., 44, 335-41. 




182 


REFERENCES 


J. Mosham (1954), The generation of pseudo-random numbers on a decimal 
calculator, J. Assoc. Comput. Mach., 1, 88-91. 

M. E. Muller (1958), A Comparison of methods for generating normal 
deviates, Technical Report No. 9, Statistical Techniques Research Group, 
Department of Mathematics, Princeton University. 

M. E. Muller (1959), A note on a Method for Generating Points Uniformly 
on TV-Dimensional Spheres, J. Assoc. Comp. Mach., 2 (4). 

M. E. Muller (1958), An inverse method for the generation of random 
normal deviates on large-scale computers, Math. Tables Other Aids Comp., 
12, 167-74. 

NBS, Applied Mathematics Series 23, Tables of Normal Probability Func¬ 
tions, U.S. Government Printing Office, Washington, D.C. (1953). 

J. von Neumann (1951), Various Techniques Used in Connection with 
Random Digits, ‘ Monte Carlo MethodNat. Bur. Standards Applied Math. 
Series 12, 36-8. 

E. S. Page (1954), Monte Carlo Methods for the solution of some integral 
equations, Proc. Camb. Phil. Soc., 50, 414. 

A. Rotenberg (1960), A New Pseudo-Random Number Generator, J. Assoc. 
Comp. Mach., 1, 1, 75-7. 

F. Sterzer (1959), Random Number Generator using Subharmonic Oscil¬ 
lators, Rev. of Scientific Instruments, 30, 4. 

Student (1908), On the probable error of a mean, Biometrika, 6, 1. 

O. Taussky and J. Todd (1956), Generation and testing of pseudo-random 
numbers, Symposium on Monte Carlo Methods, University of Florida, 
Wiley, 15-28. 

D. Teichroew (1953), Distribution sampling with high speed computers, 
Ph.D. Thesis, University of North Carolina. 

The Rand Corporation: One Million Random Digits and 100,000 Normal 
Deviates, The Free Press, Glencoe, Illinois. 

W. E. Thompson (1958), A modified congruence method of generating 
pseudo-random numbers, The Computer Journal, 1, 83. 

W. E. Thompson (1959), ERNIE—A Mathematical and Statistical Analysis, 
/. Roy. statist. Soc. A, 122, 3. 

L. H. C. Tippett (1927), Random Sampling Numbers, Tracts for Computers, 
XV, Cambridge University Press. 

L. H. C. Tippett (1925), Biometrika, 17, 364-87. 

K. D. Tocher (1954), The application of automatic computers to sampling 
experiments, J. Roy. statist. Soc. B, 16, 39. 

J. W. Tukey (1934), On the distribution of the fractional part of a statistical 
variable, Mathematical Abstracts, Academy of Sciences, U.S.S.R., Moscow. 

S. Ulam (1951), On the Monte Carlo Method, Proc. of a Second Symposium 
on Large-scale Digital Calculating Machinery, 207. 

V. W. Vickery (1938-9), On Drawing a Random Sample from a set of 
Punched Cards, J. Roy. statist. Soc. Supplement, 5-6, 62-6. 

D. F. Votaw, Jnr., and J. A. Rafferty (1951), High Speed Sampling, Math. 
Tables Other Aids Comp., 5, 1-8. 

G. M. White (1959), Electronic Probability Generator, Review of Scientific 
Instruments , 30, No. 9. 

H. Wold (1954), Random Normal Deviates, Tracts for Computers, XXV, 
Cambridge University Press. 



INDEX 


Accuracy to the estimates of 
some frequency class, 87 
Activities, 156 

Additive congruence method, 
82 

Alarms, 98 

Algebraic independence, 179 
Analysis of co-variance, 173 
Anscombe, F. J., 114 
Antithetic procedure, 117 
Antithetic variate stratified 
sampling, 118, 173 
Approx,mation to inverse 
cumulative distribution 
function, 16 
Available, 156 

Babington-Smith, B„ 43, 44, 51 
B-activities, 156 
Balanced incomplete block 
design, 178 
Beer, Stafford, 52, 66 
Bias of pseudo-random num¬ 
ber generators, 74 
Binomial distribution, 4, 39 
Bivariate sampling, 27 
Block experiments, 178 
Box, G. E. P., 33 

C-activities, 156 
Cauchy distribution, 15 
Central limit theorem, 31 
X 2 distribution, 4 
X 2 test, 4, 90 
Circular bus route, 162 
Coal unloading queue, 131 
Committing, 156 
Conditional distribution, 28 
Conditional probability tech¬ 
nique, 28 

Confidence interval, 113 
Constant time step technique, 
169 

Control variates, 115, 172 
Correlation in the noise 
sources, 57 
Counting, 95 
Cumulative distribution 
function, 13 
Cyclic machines, 146 

Davis, D., 40 
Davis, P., 84 
D 2 test, 47 

Design an efficient sampling 
procedure, 112 
Distributions 
Binomial, 4, 39 
Cauchy, 15 
X 2 , 4 

Conditional, 28 
Distribution of a median, 93 
Exponential, 4, 35, 69 
Gamma, 34 
Geometric, 69 
J-shaped, 18 
Multi-modal, 18 
Multivariate, 29 
Multivariate normal, 29 


Negative exponential, 14 
Normal, 4, 17, 26, 48 
Poisson, 36 
Sampling, 3 
Service time, 119 
Student’s, 43, 85 
Tails of distributions, 7 
^-distribution, 43, 88 


Electric steel-making furnace, 
146 

Electronic biased penny-tosser, 
62 

Engagement, 156 
ERNIE, 53 

Estimate of variability, 174 
Estimation, 5, 100 
Euier-Fermat theorem, 82 
Evolutionary design, 112 
Exponential, 124 
Exponential distribution, 4, 35, 
69 


Feller, W„ 127 
Fermat’s numbers, 78 
Ferranti Mercury, 78 
Fettling, 146 
Fibonacci sequence, 81 
Fieller, E. C., 90 
Fisher, R. A., 44 
Flip-flop, 56 
Flow diagram, 4, 94 
Frequency test, 44 

Galton, F., 85 
Gamma distribution, 34 
Gap test, 46 
Gauss, E. J., 1 
General Electric electronic 
probability generator, 61 
General flow diagram, 156 
Generating starting conditions, 
176 

Generation of the random 
digits, 54 

Geometric distribution, 69 
Good, I. J., 46 
Gossett, W. E„ 43 
Greenberger, M., 80 
Gruenberger, F., 47 

Hartley, H. O., 90 
Helmholtz transformation, 114 

Independent runs, 176 
Indices, 95 

Industrial congestion, 146 
Inter-arrival intervals, 120 
Inter-quantile range R, 21 
Inverse cumulative distribution 
function, 13 

Item processing systems, 164 

Johnson, D. L., 84 
J-shaped distributions, 18 

Kahn, H., 32, 37 
Kanematsu, 65 


Kendall, M. G., 43, 44, 51 
Kermack, W. O., 46 

Lagrangian multipliers, 107 
Language, 94 
Laplace, 1 

Large-scale sampling experi¬ 
ments, 94 
Lehmer, D. H., 75 
Lehmer congruence method, 
75 

Link chain storage, 143 
Lion random selector, 64 
Logarithmica Britannica, 44 
Loss of information, 60 

Machine shop, 153 
Machine-states, 156 
McKendrick, A. G., 46 
Mahalonobis, P, C., 48 
Manchester Mark I computer 
randomising unit, 56 
Mark, A, M., 47 
Markov chain, 57 
Markov process, 30, 63 
Maximum length of queue, 

121 

Measure of dispersion, 100 
Median, 21 

Mersennc numbers, 78 
Method of least squares, 173 
Method of minimum x 2 , 22 
Mid-product method, 74 
Mid-square technique, 73 
Monte Carlo, 2 
Muller, M. E., 33 
Multimodal distribution, 18 
Multiple list, 137 
Multiple order Markov chains, 
63 

Multiple servers of a stratified 
queue, 130 

Multivariate distribution, 29 
Multivariate normal distri¬ 
bution, 29 

Multivariate sampling, 28 

^-dimensional ellipsoid, 42 
n-dimensional sphere, 41 
Negative correlation, 117, 173 
Negative exponential distri¬ 
bution, 14 

Neyman-Pearson theory of 
hypothesis testing, 86 
Normal distributions, 4, 17, 26, 
48 

Normal random deviate, 31 
Null activity, 157' 

One server and two types of 
item, 124 

Operational research, 3 
Ordered sub-lists, 139 

Page, E. S„ 82 

Pairec^ comparison experiment, 



184 


INDEX 


Parmetron, 65 

Partially balanced designs, 179 

Pearson, Karl, 43, 85 

Physical random simulators, 

50 

Poisson distribution, 36 

Poker test, 45 

Programme, 94 

Pseudo-random number 
generators, 67 

Pseudo-random numbers, 72, 
83, 174 

Queues 

Coal unloading queue, 131 
Maximum length of queue, 
121 

Multiple servers of a strati¬ 
fied queue, 130 
Queue demonstrator, 69 
Queue discipline, 120 
Queue theory, 3 
Simple queueing process, 

159 

Simple queue simulation, 

169 

Simple single server queue 
simulation, 157 
Single service queue of 
homogeneous items, 124 

Rabinowitz, P., 84 

Rand Corporation in America, 
44 

Rand Corporation Machine, 

55 

Random in an n-dimensiona! 
volume, 41 

Random number generators, 
Analogue randomisers, 66 
ERNIE, 53 

General Electric electronic 
probability generator, 61 
Lion random selector, 64 
Manchester Mark I computer 
randomising unit, 56 
Physical random simulators, 
50 

Pseudo-random number 
generators, 67 
Queue demonstrator, 69 
Rand Corporation machine, 
55 

R.C.A. random number 
generator, 65 

Stochastic analogue machine, 
52 


United Steel Companies 
random number genera¬ 
tor, 56 

Random walks, 2 
Range, 100 

R.C.A. random number 
generator, 65 
Recurrent event, 127 
Reduce the sampling, 122 
Reducing variation, 117 
Redundancy technique, 54 
Registers, 95 
Rejection procedure, 24 
Restricted sampling, 107 
Rotary disc method, 63 
Roulette Wheel principle, 65 
Run test, 46 
Russian roulette, 110 


Samples, 1 
Sampling, 7 
Bivariate, 27 

Design an efficient sampling 
procedure, 112 
Large-scale sampling ex¬ 
periments, 94 
Multivariate, 28 
Reduce the sampling, 122 
Restricted, 107 
Samples, 1 

Sampling distribution, 3 
Sampling error, 175 
‘Top hat* method, 7 
Sampling distribution, 3 
Sampling error, 175 
Second-order recurrence pro¬ 
cesses, 81 
Sequences, 46 

Sequence subject to a trend, 59 
Sequential estimating schemes, 
112 

Serial correlation, 79 
Serial test, 45 
Server, 119 

Service time distribution, 119 
Simple queueing process, 159 
Simple queueing system, 119 
Simple queue simulation, 169 
Simple single server queue 
simulation, 157 
Single service queue of homo¬ 
geneous items, 124 
Source of random digits, 83 
Splitting process, 110 
Statistical decision function 
theory, 86 

Statistical dependence, 179 


Stochastic analogue machine, 
52, 56 

Stock systems, 169 
Stratification, 103, 171 
Stratification procedure, 104 
Stratified input, 128 
Stratified sample, 107 
Stratify, 103 
Student, 43, 85 
Student’s distribution, 4 
Successive runs, 176 
Symmetrical distribution, 21 

Tails of distributions, 7 
/-distribution, 43, 88 
Teeming, 146 
Teichrocw, D., 32 
Tests of random numbers 
X* 4, 90 
D 2 , 47 

Frequency, 44 
Gap, 46 
Poker, 45 
Run, 46 
Serial, 45 
Yule’s, 47 

Tests of random number 
tables, 44 

Tests on pseudo-random 
numbers, 83 

Theory of congruences, 75 
Theory of significance testing, 
86 

Thompson, A. J., 44, 52 
Time-sequenced traffic lights, 
150 

Tippett, L. H. C., 43 
Top hat’ method, 7 
Tukey, J. W., 116 

Ulam, S., 2 

Unbiased estimate, 116 
United Steel Companies ran¬ 
dom number generator, 56 
Unordered sub-lists, 144 

Variability of an estimate of a 
variance, 112 
Variables, 95 
Variance reduction, 93 
Von Neumann, J., 2, 35, 65 

Wold, Herman, 48 

Yates, F., 44 
Yule, G. U„ 47 
Yule’s test, 47 


